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The Anick space, l2 n _i(p r ) is a p-local -ff-space with Z/p homology a 
symmetric algebraQ 

H*(T; Z/p) ^ Z/p[v, 2n] <8> A(«, 2n - 1) 

where /3 r (t>) = u. These spaces were first constructed in |Ani93| for p > 3 
and shown to admit an H-sp&ce structure in [AG95j . A much simpler con- 
struction together with the H-space structure was obtained in [GTlOj for 
all p > 2. The Anick spaces lie in an ff-fibration sequence 

n 2 S 2n+l S^n-l _ j, ^ f^n+l 

where the map ir n is such that the composition with the double suspension 
Q2g2n+1 S 2n ~ l >■ U 2 S 2n+1 

is the p r th power map. Such maps were first discovered by Cohen, Moore 
and Neisendorfer [CMN79b] where the authors used this factorization to 
determine that the exponent for the p torsion in 7r*(5 2n+1 ) is p r when p > 2. 

By an Abelian //-space we mean a space with an //-space structure which 
is homotopy associative and homotopy commutative. The purpose of this 
work is to prove: 

Main Theorem. If p > 3, the Anick spaces admit an Abelian H-space 
structure^ 

This may not seem surprising, but obtaining a proof involved several new 
techniques, and this work is as much about these techniques as about this 
result. Previous attempts to prove this ( [TheOlj ) were unsuccessful despite 
published announcements. 

This result has implications, however, that are not immediately transpar- 
ent, and in order to explain this we need to discuss some background. 

EHP Spectra 

The sphere spectrum is a homotopy commutative ring spectrum where the 
ring structure can be defined by the composition of maps between spheres. 
Unstably, commutators are Whitehead products of the respective Hopf in- 
variants, by the Barratt-Toda formula [Bar61j. The structure and the work- 
ings of the EHP sequences are determined by the resulting composition 



%e will abbreviate T2n-i(p r ) as T if there will be no confusion. 

2 If p — 3, no such structure can exist unless n = p l for some values of i. See AppendixlAl 
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theory [Tod56] . It is natural to ask whether other homotopy commutative 
ring spectra can have a system of unstable approximations with Hopf invari- 
ants fitting together in this way. After some calculations, the cyclic spectra 
of Smith-Toda type appear to be suitable candidates ( [Gra93a] . |Gra93bj . 
[Gra98| ). 

The first example to study is S° /p r = S U p re , and we were led to conjec- 
ture a sequence of (n — l)-connected approximations, T n (p r ) and secondary 
EHP sequences defined by fibrations: 

T 2n -i(p r ) >■ £lT 2n (p r ) >■ VtT 2n p-i{p) 

T2n(p T ) ^ QT 2n+ i(p r ) s- ^2(n+l)p-l (P). 

These can be thought of as differential equations, and if we start with 
Tq = Z/p r (with the discrete topology), we can inductively see that the 
Z/p homology of T n is a symmetric algebra on classes u,v with \u\ = n 
and p( n '(v) = u. One solution, then, is to set T 2n = S 2n+1 {p r }, the fiber of 
the degree p r map on S 2n+ . 

In IGT10], Hopf invariants were defined and EHP fibrations were ob- 
tained 

T 2 „_i(p r ) nT 2n (p r ) — BW n 

T 2n (p r ) nT 2n+1 (p r ) BW n+1 

where BW n is the classifying space for the fiber of the double suspension 
( |Gra88j ): 

w n — - s 2 ^ 1 — n 2 s 2n+1 — ^ Bw n . 

The rationale behind seeking such EHP sequences is that they were sug- 
gested by a corresponding unstable composition theory. Write P m = S m U p r 

e m and suppose that we are given a stable map: P m *~ P° . Then, for 

some n, there is an unstable representative: 

pm+n ^T n ^(p r ). 

An unstable composition would then be a pairing: 

[P m+n ,T n _i(p r )] x [P n ,T k (p r )} -> [P m+n ,T k (p r )]. 
In order to effect such a paring, we would need to have a natural extension: 

P n P ~^T k (f) 

T n -x(p r ) 



Note that we have replaced QT2n-i{p) with BW n . We conjecture that these spaces 
are homotopy equivalent. 
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In [Gra93a, 3.4] it was proved that if Y is an Abelian i?-space and 
p: P 2n+1 {p r ) -)■ Y, there is a unique F-map /3: T 2n (p r ) -> 1", and in |Nei83j 
it was proved that ifp > 3, T2 n (p r ) has an Abelian i/-space structure, unique 
up to an equivalence. The result of the theorem, then, is that such a map 
/3 uniquely exists for each k when n is odd. The case of n even is as yet 
unsettled. In [A G95] . it was proved that such a map /3 exists but it may not 
be an .ff-map and it may not be unique, while in [Gral2j it was proved that 
if (5 is an H-m&p it is unique. 

Outline of Proof 

We separate the case n = 1 from the cases n > 1. In case n = 1, T2 n -i{p r ) 
is actually a double loop space (See Appendix[A|), so we assume n > 1. This 
hypothesis will be needed in section [5j 

The method is a refinement of that used in [GT10J, which we review in 
section [2j In that work an extension theorem was developed ( [GT101 2.1]). 
Given a principal fibration 

nx E — B U CA 

the extension theorem allowed any map v$ : 7r _1 (B) — > BW n to be extended 
to E under suitable conditions on the attaching map <f>. This result was 
applied inductively choosing an arbitrary extension in each case. From this 
the authors constructed a fibration 

(1.1) flG-^T R s- G 

in which h has a right homotopy inverse. However the choices of the exten- 
sions have a direct impact on the resulting i/-space structure on T. (See 
section [2] for more details.) 

In this work we introduce a controlled extension theorem 18.11 We bring 
more information to bear and exercise a more limited choice for each ex- 
tension. In particular, we will construct a collection of modp r homotopy 
classes and our extensions will be required to annihilate these classes. We 
will refer to these classes as the obstructions. The extensions we construct 
here are among the possibilities in [GT10| . so all the results in that work 
apply here as well. 

CO-H SPACES AND GENERALIZED WHITEHEAD PRODUCTS 

The fibration (jl.ip is constructed in |AG95| as well as [GT10]; in both 
works it is proved that T is a retract of QG and G is a retract of ST. In 
particular, G has a co-H space and is filtered by subspaces Gk where 

G k = G k ^UCP 2np \ P r+k ) 

with Gn = P 2n+1 . 
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In [Grail], a new kind of Whitehead product was introduced. Given any 
two simply connected co-H spaces G, H, a cofibration sequence 

Goff-^G Vff -Gx H 

was constructed, where GoH is a new co-H space which depends functorially 

on G and H. This generalizes the usual map SX A Y — > SX V SY when 
G = SX and H = SY, which is used to define Whitehead product. However, 
we can write G^l = Go G^ -1 ! for j > 1 and define an iterated Whitehead 
product 

ad j : G [j] -> G 

as the composition 

GM = Go gV-V G V G*'-i] 1Varf - G 

This is of particular interest when G = Gk- In [GT10] the authors defined a 
map ifk : G& — > S 2n+1 {p r } from which they constructed a principal fibration: 

ui ad- 7 • ryi 

Functorial maps G k >■ are defined which cover ad J : G k — > G& . 

These maps are the precursors to the obstructions and the task is to con- 
struct U).: Ep. BW n such that v^ad 3 ~ * for j ^ 2. 

Approximation 

The iterated products ad 3 : G^ — » G& are difficult to work with because 
of the complexity of Gk- However they can be sufficiently approximated by 
iterated Whitehead products defined on Moore's spaces. It is in this section 
that we require n / 1. In [NeilOa] . the author constructed .ff-space based 
Whitehead products 

n m +i(B; Z/p r ) (g) -K n+ i(B; Z/p r ) — > (E;Z/p r ) 

in the case of a principal fibration classified by a map ip: B — > X where X 
is a homotopy commutative -ff-space. The maps ad 3 are then replaced by 
these ff-space based Whitehead products. 

Congruence Homotopy Theory 

Define two maps /, g : X — > Y to be congruent if £/ ~ Eg. Since BW n is 
an ff-space, we need only consider the congruence classes of the obstructions. 
They are all -ff-space based Whitehead products, but except for a few, they 
are all congruent to relative Whitehead products. 

Given a principal fibration 



nx E >■ B 
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the relative Whitehead product is a pairing 

ir n+ i(B; Z/p r ) ® Tr m (E; Z/p r ) -> (E;Z/p r ), 

but if we consider only the congruence classes of modp r homotopy of E 
(written eTT m (E; Z/p r )) we actually get an action (|7.9f) 

A*(B) en*(E; Z/p r ) -)■ e^{E; Z/p r ), 

where A*(B) is the symmetric algebra generated by M n = ir n +i(B; Z/p r ) 
in which the Bockstein is a derivation. Furthermore, this action commutes 
with the action of self maps of the Moore spaces (I7.12P 

{en k (P m ;Z/p r )}. 
Reduction 

We further reduce the number of obstructions by constructing a variant Jk 
of Ek defined over a variant Dk of Gk 

Ek >- Jk 

Gk *■ Dk- 

Jk is also the total space of a principal fibration. Dk and an associated 
space Fk were originally constructed by Anick [Ani93j and we reconstruct 
them here. Half of the obstrutions are in the kernel of Tk, so we are reduced 
to constructing jk- Jk BW n and then Vk = 7fc7fc- There is another 
principal fibration 

n 2 s 2n+1 — - j k — - F k 

and there are exactly two remaining obstructions corresponding to each cell 
of Fk- We apply the controlled extension theorem here to construct 7^ and 
hence Vk- 

Unfortunately, although there is a natural map from Jk-i — > Jk: the maps 
7fct and jk-i only agree up to dimension 2np k . This is a serious problem as 
higher dimensional obstructions in Jk-i may not be in the kernel of 7^. The 
solution to this has required another application of congruence homotopy 
theory. In the critical dimension, there is a formula relating these elements, 
and the A*(Dk) module action allows one to propogate this formula to higher 
dimensions. This is a delicate point, and much care was needed here. 

Several interesting technical results are included, and, in particular, it is 
shown that T has H -space exponent p r . 

I would like to thank Joe Neisendorfer, who has been a helpful correspon- 
dent throughout this work. 
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Notation 

I would like to set up some notational conventions. First, we will assume 
that all spaces are localized at a prime p > 2 and often assume p > 3. We 
will write 



P m (p s 



for the Moore space. We will always have s #s r where r is fixed and we 
abbreviate P m (p r ) as P m . We write t m -i and 7r m for the standard maps 



Cjm—l l " m \ P m [p s 



S r ' 



and 



(3: P m (p s ) -> P m+1 (p s ) 

p: P m (p s ) -> P"V +1 ) : 

for the Bockstein and coefficient change maps; we write and cr* for itera- 
tions of these maps. We suppress the index m and the exponent s from the 
notation; in particular, we have formulas: 

P = ofip 

p = op = pa. 

We frequently will use 8t = /3p t . 

Throughout the literature there have been various indexing conventions 
for the Anick spaces; we reserve the notation T m for the m skeleton of T, 
and use a subscript, when necessary to indicate which Anick space is under 
consideration. We follow Mahowald's suggestion that the subscript should 
indicate the dimension of the bottom cell. If we need to indicate the prime 
power we write T(p r ) or T2 n -i{p r ) as needed. 



2. Review and Modification of [GTlOj 
The following diagram of fibrations and spaces can be found in [CMN79b]: 



n 2 s 2n+1 



Q 2 S 2n+1 



ns 



2n+l 



{P"} 



E- 



p2n+l 
S 2n+1 | p r| 



ns 



2n+l 



2n+l 



F 



p2n+l 
. g2n+l 



ns 



QS 2n+1 
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The 2n skeleton of F is S 2n and the restriction of the middle horizontal 
fibration by the inclusion S 2n >- F yields a fibration 

Q2 S 2n+l ^ E ^ ^ S 2n _J_^ ^2£2n+l 

This fibration has been studied in [Gra8 8] . where it is shown that the E(l) ~ 
gAn-i x BW n , and that BW n is the classifying space of the fiber of the double 
suspension: 

W n S 2n ~ l — U- fl 2 S 2n+1 — ^ BW n 

where v is the composition 

n 2 S 2n+1 *~ E(l) ~ S 4n - 1 x BW n -^*- BW n . 

This defines i: BW n —> E, and in |GT10j . the authors construct a retraction 
u E : E — > BW n . 

Given such a retraction v E , let if be the composition: 

nS 2n+l | p r| ^ E 

One then has two diagrams of fibrations: 

t — ^U- ns 2n+1 { P r } — ^ sw„ 



i? # " BW n 

" 

p2n+l p2n+l 



(2.2) 



2 c2n+l 



2 o2n+l 



n 2 s 



s 



2n-l 



^2 5 2n+l BWn 



H 



ns 2n+1 { P r } bw, 



Q S 2n+l == Q S 2n+l 

The lower diagram presents the Anick space T together with its associated 
fibrations. The upper diagram is a first approximation to the fibration 
The inclusion T — > Rq is only null homotopic on the 2np — 2 skeleton of T. 
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The remainder of |GT10] consists of adding cells to p 2n+1 so that the cor- 
responding map is null homotopic on successively larger skeleta of T. In 
general, a space G k is obtained from G k -\ by attaching a Moore space: 

G k = G k ^UCP 2npk (p r+k ) 

with Go = p 2ra + 1 ) and the map (po is extended to a map 

y k ;G k ^S 2n+l {p r }. 

This leads to a generalization of (|2.2p . Consider the inclusion: 

BW n E = E E k . 



Given a retraction v k : E k — > BW n , we obtain: 




BW n 



BW n 



S 2n+1 | p r} _ 

We will need to consider various possible retractions v k . For any choice, 
the following properties were proved in |GT10j : 

(A) The composition: T 2npk ' 2 -> T -> i? fc _i is null homotopic QGT101 
4.3(b)]); 

(B) S(T A T) is a wedge of Moore spaces f |GTiOI 4.5]); 

(C) G is an atomic retract of ET ( |(^T10; 4.7]); 

(D) R is a wedge of Moore spaces, where R = limR k ( |GT1CH 4.8]); 

(E) For any choice of H-sp&ce structure, the map T — > QS 2n+1 {p r } is 
an H-map ( |GT10| 4.6]). 

This leads to a fibration: 



G . 



Different choices for v k determine different maps R — > G. These choices 
have a direct effect on whether the inherited -ff-space structure is Abelian. 

We now turn to the question of how to make beneficial choices. For this 
purpose, recall that the homotopy fiber of the inclusion 

X \JY -> X x Y 



is homotopy equivalent to VLX * QY ( |Gan70] , |Gra71 j ) , yielding a fibration 
sequence: 



nx * QY 



X\JY ■ 



1x7. 
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The composition 

VLB * nB By B — ^ B, 

where V is the folding map, is sometimes called the universal Whitehead 
product map, since if we are given maps a: T,X —■ B, f3: T,Y — > B, the 
composition 

W ol V B 
{a, P} ■ T,X A Y — V Sy B 

factors through Vw. 
Given any fibration 

QB — ^ F — ^ E — ^U- B 

in which % is null homotopic, Theriault discovered a necessary and sufficient 
condition for the .ff-space structure defined by any right inverse to d be 
homotopy Abelian. 

Theorem 2.3 (Theriault criterion). [TheOlj 4.2] The H -space structure de- 
fined on F by any right inverse to d is Abelian iff the universal Whitehead 
product on B lifts to E 

7T 

QB * nB By B B. 

In some situations, even when the map F — > E is not null homotopic, 
there is a lift of the universal Whitehead product Vw. Suppose we are given 
a principal fibration defined by a map <p: B — > X where X is an f/-space 
with strict unit: 

F^+nx 



PX 




Here PX = {u e X 1 \ w(0) = *} and E = {(b,oj) € B x P X | w(l) = 
This situation is also considered by Neisendorfer ([NeilOaJ) where the author 
describes -ff-space based Samelson and Whitehead products. More generally, 
we will suppose that we are given maps x: K — > B, y: L — > B. We then 
construct a strictly commuting diagram 



nK*m 



(2.5) 



Ky L 



x V y 



E 



B 
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which is induced by the strictly commuting square 

x V y 



KV L 



x x y 

K x L S-X x X 



B 



X 



where fi is the Lf-space structure map. If K = L = B and x V y = V, the 
map r is a lift of the universal Whitehead product to E. 

We require an explicit formula for T. We first describe an equivalence of 
pairs 

(CnK,nK) (PK,QK) 
by = u(st). Using £, we define an equivalence 

Q.K * QL = (CMC) x QL U UK x (CS1L) ^ PK xtlLUttK x PL 

where both unions intersect in QK x QL. The space PK x QL U VtK x PL 
is the actual homotopy fiber of the map K V L — >■ LT x L and we define 

r':Fif xOLUfiif xPL^E 

as follows: Write r'(wi,aj 2 ) = (p,w) G B x PX where 



P 



x(uji(t)) if w 2 (l) = * 
K y{ui{t)) ifwi(l) = * 
w(t) = /z (y>(x(wi(t))), v?(y(w 2 (t)))) • 
Then T = r'£* : Q.K * VLL — >• L 1 and 7iT' = p, which is the composition 

PK xtlLUflK x PL KM L B 
where eu(bJi,oj 2 ) = (wi(l), w 2 (l)) 

Proposition 2.6. Suppose that X is homotopy commutative. Then the 
maps 



nK*ttL 



KV L 



x V y 



E 



QL*QK 



r 2 



B 



L V K 



yVx 



E 



B 



are related by T\ ~ T 2 r where r: D-fT * f^L 
interchange PK * PL o PL * PLT. 



f2L * fiLT zs given by the 



Proof. Given Ti = (pi,oji) and T 2 = (p 2 ,S 2 ) we see that pi = /3 2 . If we 
choose a commuting homotopy between /i and fir, H: X x X x I — > X which 
is constant on the axis (X V X) x I, we get a homotopy from uj\ to w 2 which 
is constant at 2(1) = S 2 (l). This defines a homotopy from T\ to T 2 r. □ 
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Note 2.7. For most considerations we will replace the join A* B with the 
suspended smash product T,(A A B) using the standard equivalence. Under 

f 

this equivalence, the twist SIK * £IL — > 0,L * corresponds to the map 

-Sr: £(Oif A OL) E(fiL A QK) 

where r is the interchange. 

We apply this discussion to the construction of the Anick spaces. Since 
S 2n+1 {p r } has a homotopy commutative multiplication ( [Nei80| ). we obtain 
a map in the diagram: 

ns 2n+1 { P r } — ns 2n+1 { P r } 



fiGfc * QGk 



Gk V Gj. 



Eh 



p S 2n+l | p r} 



Gk 



S 2n+l { P r } . 



G, 



The construction of the fibration 

T *- Rk - 

depended on the choice of a map v\. : E\~ — > BW n . Suppose we can choose 
Vk such that the composition 

nc k * nc k — E k — Bw k 

is null homotopic. Then we immediately get a lifting of Vw to R/~: 

t — ^ns 2n+1 { P r } 



BW n 



UGk * QGk Gk 
We then have 

Proposition 2.7. If we can choose a retraction vy. Ek — >• BW n such that 
the composition 

riGk * nG k E k BW n 
is null homotopic for each k ^ 0, the corresponding fibration 

flG T R G 




will determine an Abelian H-space structure on T. 
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Proof. Since v\. is a retraction, QEk ~ QRk x W n . Since the Tk are compati- 
ble for various k, it follows that the liftings QGk*QGk — > Rt are compatible 
as well. In the limit we have £IG * QG —tRas required by 12.31 □ 

Definition 2.8. The level k — 1 inductive assumption is that we have con- 
structed a retraction Vk—l '■ -Evfc-i — > BW n such that the composition v^Tk is 
null homotopic. 

We will assume the level k — 1 inductive assumption throughout this work 
and succeed in proving the statement at level k in section [TU1 The level 
assumption will be proved in section [HJ 



3. Whitehead Products 

In this section we will recall the results of [Grail] on generalized White- 
head products based on co-ii" spaces. In addition we will discuss relative 
Whitehead products and -ff-space based Whitehead products in the total 
space of a principal fibration, mildly generalizing the results of Neisendor- 
fer [NeilOaj . We will assume throughout this section that all spaces are 
simply connected. 

Given two co-H spaces G, H, we introduce a ne co-H space G o H 
together with a cofibration sequence: 

Go H G V H » G x H. 

To do this, suppose that G and H are given co-H space structures by con- 
structing right inverses to the respective evaluation maps: 

G-^~£ftG^^G 
H Eflff H. 
We define a self map e: S(J1G A QH) — > E(f2G A QH) as the composition 

. ei A 1 wAl „, , 1 A £2 lAf2 , 
T,(QG A QH) G A QH s~ T,(QG A QH) s~ QG A H ^ E(fiG A QH); 

G o H is then defined as the telescopic direct limit of e. We then have: 

Proposition 3.1 ( [Grail} 2.1,2.3]). The identity map of G o H factors: 

GoH — *U- Z(QG A QH) — Go H. 



4 The discovery of the functor GoH was inspired by a result of Theriault |The03| where 
it was shown that the smash product of two simply connected co-associative co-H spaces 
is the suspension of a co-H space. 
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Furthermore, if f: G — > G' and g: H — >• H' are co-H maps, there are 
induced co-H maps so that the diagram 



GoH 



4> 



f °g 



GoH 



f°9 

^G'oH' 



G' o H' -^U E(fiG' A QH') 



commutes up to homotopy. 

Since G o H is the limit of the telescope defined by e, 8e ~ 9, so the 
composition 

Goff — > £(ftG A fiif) — ^ £(f)G A OF) — ^ Goff 

is homotopic to the identity. The map e, however, is a composition of 4 
maps between co-H spaces, and thus G o is a retract of 3 different co-i? 
spaces and one of them, £(OG A£IH), in two potentially distinct ways. This 
provides 4 potentially distinct co-H space structures on G o H. We choose 
the structure defined by ip and 6*; viz., 



GoH — ^ S(OG A fiif) £fi(G o £f) 



or equivalently 



GoH 



£(S1G A SIH) E(ftG A SIH) V S(OG A flH) 

6 AO 



GoHyGoH 



where 6 is the adjoint of 



Proposition 3.2 ( [Grail} 2.3,2.5]). There are co-H equivalences GoTiX ~ 
G A X, S(G o if) ~ G A -fT which are natural for co-H maps in G and H 
and continuous maps in X. 

Proposition 3.3. There is a natural cofibration sequence 

W 



Goff^UGVff 

where W is the composition: 



GxH 



GoH S(OG A QH) GVH. 
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Definition 3.4. Let a: G ->■ X and /3: H ^ X. We define the Whitehead 
product 

{a, p}: GoH -> X 

as the composition 



GoH GV H £ X. 

Proposition 3.5. Each Whitehead product {a,/3}: GoH 
through the "universal Whitehead product" 



X factors 



w 



Vw : s(fix A fiX) 



Proof. The righthand square in the following diagram determines a map 
from the upper row which is a cofibration sequence to the lower row which 
is a fibration sequence 



GoH 

£(fix a fix) 



G\/ H 



Gx H 



aV 



IVI 



X x X 



and £ is unique up to homotopy since GoH is a co-i7 space and fi(X V X) ~ 
fi(X x X) x fiE(fiX A fiX). It follows that 



{a, (3} = V(a V /3)W ~ VwC = 



□ 



For the remainder of this section we will discuss H-spa.ce based Whitehead 
products and relative Whitehead products. In the case that G and H are 
Moore spaces, this material is covered in [NeilOaj . and what we present 
is a mild generalization. We consider Whitehead products instead of their 
adjoints — the Samelson products. We also consider principal fibrations, so 
these products occur in the total space rather than the fiber. We wish 
to thank Joe Neisendorfer for several interesting conversations during the 
development of this material. 

We begin with a principal fibration 

fiX — E B 

classified by a map ip: B — > X. The (external) relative Whitehead product 
then is a pairing 

[G,B] x [H,E] -> [G o H,E]. 



We use the notation {a, /}} rather than the usual [a, /3] since in an important applica- 
tion we need to make a distinction. That is the case when G and H are both Moore spaces. 
In this case GoH is a wedge of two Moore spaces. By choosing the higher dimensional one, 
Neisendorfer [Nei80 defines internal Whitehead products in homotopy with coefficients in 
Z/p r . This is denoted [a, 0], while {a, B} is the "external" Whitehead product. 
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In case that X is an .ff-space with strict multiplication H we also define the 
i/-space based Whitehead product. It is a pairing 



[G,B] x [H,B] 
Suppose we are given maps: 



[Go if, E]. 



G ^B, H ^B, G^E, H h E. 
We will use the notation 

{«, 7 }r e [GoH,E] 

for the relative Whitehead product and 

{a,/3}x € [GoH,E] 

for the -ff-space based Whitehead product. These products and the absolute 
Whitehead product are related by the following formulas to be proved: 



(3.6c) 

(3.6e) 

(3.10) 

(3.11c) 

(3.11e) 



7r{a,/3}x 

{vT7,7r5} x ~ {7,5} 
{a,5} r ~ {a,ir5} x 
ir{a, 5} r ~ {a, irS} 
{vT7,5} r ~ {7,5} 



{a,/3}: G o H 
GoH 



GoH 
GoH 
GoH 



B 
E 
E 
B 
E. 



We begin with the -ff-space based Whitehead product. These are de- 
fined using the map T from (|2.5|) . We will shortly see that they are closely 
connected to the issues raised in section El 

The product {a, /3} x is defined as the homotopy class of the composition: 



GoH 




E 



GV H 



a V/3 



B. 



Proposition 3.6. Given a: G — > B and j3: H — 

the H -space based Whitehead product 

{a,/3} x : GoH ^E 



B, the homotopy class of 



depends only on the homotopy classes of a and (3. Furthermore 
(a) If f:G'—}G and g: H' —■ H are co-H maps, 



{a,P} x (fog) ~ {af,(3g} x . 



Neisendorfer also assumes that the //-space structure is homotopy commutative. This 
is necessary to prove anticommutativity. 



16 BRAYTON GRAY 

(b) Given an induced fibration 

E' — -U- E 



B' — B X 

and a' : G ->• B' , ft : H -> 5', we have 

(c) ^{q, /3} x ~ {a, /?} : G o -> £. 

(d) Suppose rj: X ^ X' is a strict H-map and we have a pointwise com- 
mutative diagram 



B 



B' 



9 



X 



X' 



which defines a map of principal fibrations: 



E 



B 



E' 



B'. 



Then 

e{«,/3}x ~{£<*,£/3} x : GoH 
(e) {tt 7 , tt5} x ~ {j,5}: GoH ^ E. 

Proof. These all follow directly from the definition except for (e). To prove 
this we apply (d) to the diagram 



E 



B 



9 



PX^+X 



where cu) = oj. Give PX the -ff-space structure of pointwise multiplica- 
tion of paths in X. Then ev is a strict H-map. This gives a map of principal 
fibrations: 




By (d) we have 



E—^B. 

7f{7>£}x ~ {7T7,7t5} x . 
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However 

E = {(&, a) £Bx X IxI | ip(b) = <r(0, 0), a(s, 1) = <r(l, t) = *} 

and the maps tt and e are obtained by restriction of X IxI to X Ix0 and 
X 0x/ . These maps are homotopic by a 90° rotation in the square. Thus 

tt{7,£}x ~ e{7,5} x ~ {7, 5}. □ 

We will describe the map V : E(f2GAf2H) — > S in terms of iterated White- 
head products. Define GW = GoG' 1-1 ' for i > 1 and GrW.Hu] inductively by 
the formulas: 

GoffM if* = l 

Go(G[ w lijH) if*>l 

Define acf '• J : GW_hK — > G V H inductively as the composition 



G®hV\ G V G^HW 1Vad I GVGV H VV1 * GV H 

where G^i^l = H^l and ad° d : -> G V H is od J ' : H^l -> H included 
in GV-H. In case i,j^l these maps are null homotopic after inclusion into 
G x H, so they factor uniquely through E(f2G A 

^djf : G®H® — )• S($7G A OH); 
Theorem 3.7 ([GraTTJ 3b]). T/ie maps ad 1 ^ define a homotopy equivalence 

V G^H^ -> S(OGAOff) 

which is natural with respect to co-H maps in either variable. 
Theorem 3.8. Suppose 

nx ^ E G 

is a principal fibration classified by a map ip : G — > X where X is a homotopy 
commutative H -space with a strict unit and G is a co-H space. Let v. 
E — ?> Z . Then the composition 

S(fiG A OG) — ^ E — ^ Z 
is null homotopic iff for each i ^ 2 the composition 

GM ^ s(OG A UG) E — ^ Z 

is null homotopic. 

Proof. By 13.71 it suffices to show that for each i,j 1 

GWgW » S(^G A OG) £ — ^ z 

is null homotopic, where i copies of G lie over the first factor of G V G and 
j copies over the second. 
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By EH IV is homotopic to -T, where r: S(OGA^G) -> S(nGAOG) is 
the interchange of the two copies of OG. It follows that the composition 

GfMGbl — ^ E(nG A fiG) — ^ # 

depends only on i + j, up to sign. Since G^GW = G^ the result follows. 

□ 

This will be applied to 12.71 in the sequel. 

We now turn to consideration of the relative Whitehead product. As 
before we are working with a principal fibration 

nx E B 

induced by a map <p: B — > X, so 

E = {(b,u) £B xPX\ tp(b) = w(l), * = w(0)}. 

We no longer need to assume that X is an //-space. We have a strictly 
commutative square 

BVE^^B 

tp V K 
B\JCE - — »- X 

where K(b,oo, s) = u(s). K is the canonical null homotopy of the composi- 
tion: 

E B — P -+ Xj 
Let F% be the homotopy fiber of the inclusion B V E — > B V CE and 

Ti : Fi -»• E 

the induced maps on homotopy fibers. Since the map B V E — > B V CE has 
a right homotopy inverse, 

Q(B V E)~F 1 x n(B V CEO- 
Given maps a: G — >■ -B and 5: H ^ E, the Whitehead product {a, 5}: 
G o H B V E projects trivially to B V CE and there is consequently a 
lifting to Fi which is unique up to homotopy: 

^F-^E 



GoH '■ >■ G V H BV E B. 

Definition 3.9. The relative Whitehead product 

{a, 5} r : G o H -> £ 
is the homotopy class of the composition Ti • 6. 



V<5 



1 V 7T 
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We seek to compare the relative Whitehead product and the H-space 
based Whitehead product when they are both defined. Recall that the 
.£/-space based Whitehead product is similarly defined as a map between 
induced fibrations: 



S(0BA05)~ F 2 



■E 



By B 



B 



w x ip a 
B x B - — t X x X — X. 

We also define a mixed product when X has a fixed if-space structure map fi: 

r 3 



^3 



BV E 



1 Vtt 



E 



B 



B x CE- — >X xX—-*-X 



It is clear that Ti factors through T3 
*i 7- 



F 3 — — — »- E 



By E 



By E *B 



By CE- 



By.CE 



X 



and the induced map F\ — > F3 is a homotopy equivalence. Likewise, the 
-ff-space based product {a, tt5} x is represented by the upper composition in 
the diagram 



By E -LXX By B 




B x E 



1 V 7T 



Bx B 



if X if 



X x X 



which also factors through F3. 

Since Q(B V E) ~ UF 4 x £l(B x E), the Whitehead product 

{a, 5} : G o H -> B V E 
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has a unique left to F4 and the image in E is both homotopic to {a, 5} r and 
{a, tt5} x - We have proved 

Proposition 3.10. Suppose a: G — > B, and 5: H — > E, and X is an 

H-space with strict unit. Then 

{a,5} r ~ {a,ir5} x □ 

Analogous to 13.61 we have 

Proposition 3.11. The homotopy class of the relative Whitehead product 
{a, 5} r depends only on the homotopy classes of a and 5. Furthermore 

(a) // /: G' — )■ G and g: H' —■ H are co-H maps, then 

{a,5} r ■ (fog) ~ {af,5g} r . 

(b) Given an induced fibration 

E'-^E 

B' B X 

and classes a': G —> B' , 5': H — > E' , we have 

(c) 7r{a, <5} r ~ {a, ir5}. 

(d) Suppose rj: X — > X' induces a map of induced fibrations: 

E^E> 



B^=B 



Then rj{a, 5} r ~ {a, i]5} r 
(e) if 7 : G — > i/ien 

Proof. All except part (e) follow directly from the definition. Part (e) is 
handled as in 13.61 by the pullback over ir. □ 

Whenever possible, we will replace -ff-space based Whitehead products 
with relative Whitehead products. This is because we have better control 
over the homological properties of these products. At this point we will de- 
velop a formula to do that. First we need to have a more precise construction 
of the map P\ 
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As in the case of T in 12.61 we describe the homotopy fiber Fq of the 
projection map 

B\J E ^ B 

as PB Uq B MB x E. Using the equivalence £ : (COX, OX) ->• (PX, Ox) from 
section [2j we see that this space is homotopy equivalent to 

CQ.B U QB MB x E ~ OS x E 

and the map V : CQB Uqb OS X E — > E is described as follows: 
The restriction of T' to 01? x E is the composition 

nBx e ox x e — ^ # 

where a: OX x S — > E is the principal action. The restriction of this 
map to flB x * is the null homotopic composition of maps in the fibration 
sequence: 

OS — s> OX — >■ £. 

This defines the extension over CVtB and consequently: 

OS x E~ CflB UfiBxE^B. 

Proposition 3.12. Suppose a: SA — >■ £ and 7: G — > -E. Let (pa: A — > OX 
6e i/ie adjoint of ipa : »!L4 — > X and a : OX x E 1 — > 75 6e t/ie principal action. 
Then the induced map in homology 

({a, 7 }r)*: ff,(AAG)^ff»(i?) 
zs determined by the commutative diagram: 

fr'i 

AG) ^ #,(4 k Gf) *~ S*(OS x £) — 



(flip x 1)* 

x G) H^flB x E) — — — iT*(OX x E). 

4. Construction of the co-H ladder 

In this section we construct a cofibration ladder that clarifies the rela- 
tionship between E^_i and E^. This ladder is a lifting of the one used to 
prove [GT101 4.3(e)]. To do this we construct a sharper version of [GT10| 
4.3(d)]. 

We make essential use of property B of section [2j 

(B) S(T A T) is a wedge of Moore spaces. 

We assume some arbitrary choice of a map has been made as in [G T10| . 
We have a corresponding id-space structure on T and easily calculate that 



H^TjZ/p) ~ Z/p[v] ® A(«) 
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where \v\ = 2n, \u\ = 2n — 1 and f3^v = u where f3^ is the r th homology 
Bockstein. Since G is a retract of ST, we conclude that (3( r+ ^v p ' = uv^ -1 . 
Using the H-space structure map \i we consider the Hopf construction: 

H(fi): E(TAT) — > ST. 

Note that in homology 

(Hdj,))^ (a ® x ® y) = cr ® /i* (x ® y) 
if |x| > and |y| > 0. We now define homology classes 

aeH 2npk+1 (E(TAT);Z/p) 

(3eH 2npk (X(TAT);Z/p) 



by the formulas 



a = a®v pk 1 ® v pk 1(p x) 
/3 = a®v pk ~ 1 ^uvP^^-V- 1 



so we have 



{H(j J ,)),a = a®v p 

(H(jj,)).l3 = a®uv*- 1 . 

Now ^^-^(a) and / 0( r+fc - 1 )( / 0) are both nonzero. Since S(TAT) is a 
wedge of Moore spaces, there are maps 

a . p 2np*+l(pr+fc-l) ^ S(TAT) 

6: panp*(pf+*-i) ^ S(TAT) 

such that a is in the image of a* and /3 is in the image of 6*. Combining 
these we get a map e 

p2np * +1(/+fe _ 1) v p2np . (/+fc _ 1) «vt s(r A T) sr 

such that cr ® v pk and <r ® uv pk ~ l are in the image of e*. We have proved 

Proposition 4.1. For any H -space structure map [/,: T x T — > T f/iere is a 
homotopy commutative diagram 

p2np k LpT+k-l\ \j p2np h +1 for+k-l^ e ; £j>2rap* 
6 V a 

S(T A T) — ST 

where e induces an epimorphism in modp homology in dimensions 2np k and 
2np k + 1. □ 

Now let E : ST -> S 2n+1 {p r } be the adjoint of the map J5: T -> 05 ,2 "+ 1 {p r } 
from (BHD. 
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Proposition 4.2. The composition 



£(T A T) —^l. YjT 



S 2n+l {p r } 
is null homotopic. 

Proof. By property E of section [2j the map E: T — > Q,S 2n+1 {p r } is an H 
map. Consequently there is a homotopy commutative diagram: 

T,(EAE) _ n 
E(T A T) ^£(QS 2n+1 {p r } A !^5 2 " +1 {p r }) 



ST 



£^S 2n+1 {p r }. 



where /u' is the loop space structure map on S75 2n+1 {p r }. However, since 
QS 2n+1 {p r } is a loop space, the righthand map is part of the classifying 
space structure 

z(ns 2n+1 { P r } a ns 2n+1 { P r }) 

zns 2n+1 { P r } ^ . . . — ^ s 2n+l { P r } 

where E^ is contractible and the bottom horizontal map is the evaluation 
map. The result follows since E is the composition: 



ST • 



2n+l f^r 



{p r } S 2n+1 { P '}. 



□ 



We now use (A) from section [2] to construct a map gj. in the diagram: 

3fc 



rp2np k 



rp2np 



oVfc 
05 2n+1 {p r } 



TV. 



Taking adjoints and combining with 14.11 we construct a homotopy commu- 
tative diagram 



p2np k ^r+fc-lj y p2np fe + l^r+fc-l-j 



Y* i r p2np k 



- E(T A T) 
^-XT 



5 2n+l| p r| 
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in which the righthand vertical composition is null homotopic. This implies 

Proposition 4.3. For any H-space structure on T and any choice of a 
lifting gk : T 2npk — > of the inclusion of T 2npk into T , there is a lifting 
ofg k e to E k 

p2np k for+k-l\ y p2nv k +l^pT+k-l^ a ^ VC ^ £ k 



9k 



"7c 

*- Gk- 



In the diagram below, the left column is a standard cofibration sequence 
and the right column is a fibration sequence defined by the projection it: 



p2np k (jf+k^ 

pT+k-1 

p2np k Uf+k\ 

er V er/3 

p2np k ^pf+k-l^ y p2np k +l^pT+k-l^ 
-5 l V p 



9, 



np 2n p k+1 ( P r+k ) 



j 



a(k) V c{k) 



Ek 



p2np k + l(j ) r+k^ 



Gk 



p2np k +l (jf+k^ 



The homological properties of e and 14.31 imply that the bottom region com- 
mutes up to homotopy since gk has a right homotopy inverse by (C) of 
section [2j The maps 0\ and 62 are induced from this region in the standard 
way. For dimensional reasons O2 factors through Gk~i C J and since 



E, 



k-i 



G 



k-l 



Ek *- Gk 

is a pullback diagram, 82 factors through Ek~\- Q\ factors through 

p2np k -l^ ) r+k^ 

also for dimensional reasons. We obtain 



It will be seen later that we can choose ut such that ut(a(k) V c(k)) is null homotopic 
and a(k) V c(k) are unique up to homotopy with this property. 
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Theorem 4.4. There is a homotopy commutative ladder of fibrations: 



p2np k (jf+ k ^ 



V 



,r+fc-l 



p2np k 

<j V er/3 

p2np k f p r+k-l\y p2np k +l( p r+k-lj Q ( fc ) Vc W, 



-Si V p 
p2np k + l^pr+k^ 




p2np k +l^pr+k^ 



Furthermore, for any choice of retraction v k —\ '■ E k ~i ~^ BW n , we can 
choose /3fe so that Vk-ifik ~ *> and alter a{k) and c{k) so that all diagrams 
still commute up to homotopy. 

Proof. We need only demonstrate the last statement. Suppose we are given 
a map (3 k : P 2n P (p r+k ) — > Ek-i so that the diagram commutes up to homo- 
topy. Given a retraction v k _\ '■ -E'fc-i BW n , we get a splitting 



QE 



k-l 



where Rk-i is the fiber of Vk-l- We can then write f3 k = (3 k ~ e where e is 
the component of j3 k that factors through W n and (3 k factors through R k -±. 
Since each map P 2n P (p T+k ) — >• W n has order p, e has order p and thus 
pr+k-ip^ _ p r + k ~ 1 p ll as r + — 1 1. Thus the upper region commutes up 
to homotopy when (3 k is replaced by /3&. Since p r+fe-1 ( 



0, e factors 



p2np fc ^ 



er V er/3 



p2np k fpr+k-l\ y p2np fc +l/p) 



as the lefthand column is a cofibration sequence. We now redefine a(k) and 
c{k) by subtracting off the appropriate components of e' and the middle 
region now commutes up to homotopy. Since this alteration of a(k) and 
c(k) factors through Ek—i, the projections to G k vanish when projected to 

p2np ( p r+fc) g0 the bottom 

region also commutes up to homotopy. □ 

Note 4.5. Given the inductive hypothesis at level k — 1, we now assume that 
the alterations in \4-4\ have been made so that in establishing the statement 
at level k, we have the diagram in \4-4\ with f3 k in the kernel of v k -\- 

5. Approximation 

The goal of this section is to replace the co-if space G k by a sequence of 
approximations. The end result will be to replace G k by a wedge of modp s 
Moore spaces for s ^ r. We begin with a cofibration sequence based on the 
ladder I4.4L Throughout this section we will exclude the case n = 1 . 



26 BRAYTON GRAY 

Proposition 5.1. For k ^ 1 there is a cofibration sequence 



p2np k fpr+k\ ^ k a L k ^ k ? Q k ^ ? p2np k +l fpT+h\ 

where L k = G k -i V P 2npfc (p r+ * _1 ) V p2n P fc +i^r+fe-i^ ^ ig induced by the 
inclusion of Gk-\ and the maps TTka(k) and 7Tkc(k), and it' = p rJrk ~ 1 ir. 

Proof. This is a standard consequence of a ladder in which each third rail is 
an equivalence. □ 

Proposition 5.2. If n > 1, there is a unique co-H space structure on Lk 
so that the cofibration in \5.1\ is a cofibration of co-H maps. 

Proof. Let P be the pullback in the diagram: 

P G k V G k 



Lk x Lk >■ Gk x Gk- 

There is a map n: Lk —■ P which projects to the diagonal map on Lk and 
the composition: 

Ck 

Lk Gk >■ Gk V Gk. 

We first assert that r\ is unique up to homotopy. Since Lf. is a wedge of co-H 
spaces, it suffices to show that if e: Lk — > P projects trivially to Gk VG^ and 
Lk x Lk, it is itself trivial. Now the homotopy fiber of the map P — > Lk x Lk is 
the same as the homotopy fiber of Gk\/Gk — > GfcxGfc, i.e., £(f2Gfc AfiGfc); we 
conclude that e must factor through E(f2GfcAfiCrfc), and that the composition 

P S(fiG fc A nG k ) G k V G k 

is null homotopic. Since P is a co-ff space, this implies that e' is null 
homotopic and hence e is as well since £l(Gk V Gk) — > Q(Gk x Gk) has a 
right homotopy inverse. 

The map £fc is a 2np k — 1 equivalence since P 2n P +1 (p r+k ) is 2np k — 1 
connected. Since Lk and are both In — 1 connected, this implies that 
the composition 



E(nL k AQL k ) 



S(OG fe A QG k ) 
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is a 2np k + 2n — 2 equivalence. Now consider the diagram of vertical fibra- 
tions: 

Lk V Lfc P ^ Gk V Gk 

Lk x Lk = Lk x Lk Gk x Gk ■ 

From this we see that the map Lk V Lk —> P is a 2np fc + 2n — 2 equivalence. 
Since n > 1, that implies that there is a unique lifting of r/: — > P to 
Lfc V which defines a co--ff space structure on Lk such that ^ is a co-# 
map. 

Similarly, we observe that the 2np k + 2n — 3 skeleton of the fiber of the 
map L k V L fc -> G k V G fe is i^V^+fc) v P 2npfc (p r+fc ), so the composition 

P 2npk (P r+k ) — Lfc L fc V L fc 

factors through p 2n P k (jp r + k ^ v p 2n P fc (p r + fc ) and such a factorization defines 
a co--ff space structure on p 2n P k (p r+k ). That structure, of course, is unique. 
So this is a co--ff map with the suspension structure. □ 

It should be pointed out that Lk does not split as a co-product of co-H 
spaces. In particular, the inclusion p 2n P +1 (p r+fc—1 ) _i. £ fc j s no t a CO -H 
map. If it were, the map 

would be a co-if map, contradicting [AG95j 2.2]. 

Write [k] : T,X — > T,X for the /c-fold sum of the identity map. 

/ 9 

Definition 5.3. Suppose G *- H *- T,K is a cofibration sequence of 

co-H spaces and co-H maps. We will say that / is an index p approximation 
if there is a co-H map g' : T,H — > T, 2 K such that Eg factors 

SF Y?K -i- Y?K 

up to homotopy. f:G^H will be called an iterated index p approximation 
if / is homotopic to a composition 

G = Go — > G± — > ■ ■ ■ — > G m = H 

where each map Gi —> is an index p approximation. 

Thus, for example, Cfc : Lk — > Gk is an index p approximation. 
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Proposition 5.4. Suppose that f: G — > H is an iterated index p approxima- 
tion and v: H — > BW n . Then v is null homotopic iff vj is null homotopic. 

Proof. We will only consider the case when / is an index p approximation, as 
the general result follows by an easy induction. Suppose then that /: G — > H 
is an index p approximation and Eg factors up to homotopy: 



EH 



9 



E 2 K 



\P\ 



E 2 K. 



Assume that vf is null homotopic, so we can factor v as 

9 



H 



EK 



BW n . 



Consider the diagram: 



„ flip] „ OY,/ 

£iy?k —^l qe 2 k nzBw n 



BWn 




H 



EK 



BW n 



Since BW n is homotopy associative ( |Gra88| ). the upper composition is 
an H-m&p. This composition is thus inessential if its restriction to EK 
is inessential. However this restriction factors through [p] : EK — > EK. 
Since BW n has -ff-space exponent p ([Thc07 ), we conclude that the upper 
composition is inessential. This v ~ v'g is inessential as well. □ 

Lemma 5.5. There is a homotopy commutative diagram 

(E 2 H) o K Mli (Y?H) o K 

u y a i 11 

(EH) A K (EH) A K 

Y?(H o K) -^UE 2 (H o K) 
where the equivalences are co-H equivalences. 

Proof. The vertical equivalences follow from 13.21 These equivalences are 
natural for co-H maps. However [p] : EH — > EH is a co-H map since H is 
a co-H space. □ 



Go 



P 



G3 is a cofibration sequence of 



Lemma 5.6. Suppose G± — 
co-H spaces and co-H maps. Then for each co-H space H, 

G l o H G 2 o H -^i G30 H 

1 o rv I o 8 

Hod -^l HoG 2 * HoG 3 



are both cofibration sequences. 
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Proof. In the following sequence, the composition of two adjacent maps is 
null nomotopic 

Lr\ >■ Cr2 *" ^3 ^ ZjLti >■ Zj(_t2 *■ 2-^3 ■ ■ ■ 



and all maps are co-H maps. It follows that the same is true for the sequence: 

rvol Sol 70 1 

doH G 2 o H G 3 oH — (SGi) o if . . . 



where o if) ~ A H ~ (SGi) o if. Since this sequence also induces 

an exact sequence in homology it is a cofibration sequence. The other case 
is similar. □ 

Proposition 5.7. If f: G —> H is an index p approximation, the maps 
/ o 1 : G o L — > H o L and 1 o /: L o G — > L o H are index p approximations 
as well. 



Proof. Factor g as 



9' ~2ts M. v2, 



Si? £ 2 /\~ — IV S^if 
and consider the diagram 

(SiT) o L — L (£ 2 iT) oi-tf^oL) 
[p]ol 

(SiT) o L ^— »- (£ 2 iT) o L ~ Y?(K o L) 

where the righthand square commutes by 15.51 The map 

go I: (EH) oL -> (E 2 K)oL 

is the cofiber of / o 1, and g' o 1 is a co-i7 map since 5' is a co--ff map. Thus 
/ o 1 is an index p approximation. The other case is similar. □ 

/ 

Corollary 5.8. Suppose G H is an index p approximation. Then 

is an iterated index p approximation. 
Proof. We first observe that 

GoH ml^\ HoH m = H \i+n 

is an index p approximation by 15.71 We then see by induction that 
G M#b1 = G o (GV-VHW) ^Go (G^H^) = 

is an index p approximation. Finally 

G M ^ G [i-1]# 

is an iterated index p approximation by induction since it factors as 
= G o (G [i - 1] ) -»■ G o (G^tf) = G^fT. 
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Consequently 

GM -> G^if -> G^I^ -> >Go i^ 1 ! fl-M 

is an iterated index p approximation. □ 
Theorem 5.9. Suppose 

QX ^ E^G 

is a principal fibration classified by a map cp: G — > X where X is a homotopy 
commutative H-space. Suppose f: H —■ G is an index p approximation. 
Then, for any map v: E — > BW n the compositions 

S(f2G A SIG) — ^ E — BW n 
is null homotopic iff the composition 

A QH) E(SIG A SIG) E BW n 

is null homotopic. 

Proof. Suppose the composition 

E(QH A SIH) -> T,(nG A QGQ — ^ £ — ^ 5W„ 

is null homotopic. Since /: H — > G is a co-i? map, there is a homotopy 
commutative diagram: 

fl-w — i- E(n^r a fifl") 

E(OGAnG). 

Since / is an index p approximation, /M is an iterated index p approximation 
by 15 . 8t thus the compositions 

GM J^**. A OG) — ^ E — BW n 

are null homotopic for all i ^ 1 . The result then follows from 13.81 □ 
We will use this result to transfer conditions on u k to the composition: 

£(OL fe a m k ) — ^ T,(nG k a riG k ) E k . 

We need to iterate this. We have to consider the issue that for ( k : L k — )■ G k 
to be a co-H map, we need to use an exotic co-H space structure on L k . 
We will show that the triviality of the composition above does not depend 
on the co-H space structure of L k . To see this, recall that the map T k : 
T,(SlG k A G k ) — > E k was defined in section [2] based on the fact that E k was 
defined by a principal fibration 

ns 2n+1 { P r } ^E k ^ G k 
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classified by a map ipk : Gk — > S 2n+1 {p r } where S 2n+1 {p r } is a homotopy 
commutative //-space with //-space structure map chosen to have a strict 
unit and (in 12.61) a cummuting homotopy which is constant on the axes. The 
fact that Gk is a co-H space was not used. 

For any space X and map (: X — > Gk, we can construct the pullback 

ns 2n+1 { P r } — ns 2n+1 { P r } 



E(X) 



Eh 



X 



c 



Gk 



which is induced by the composition (fkC- Consequently there is a map 
r(X) : A SIX) — >■ P and a strictly commutative diagram: 



£(^X A SIX) 

T{X \, 

E(X) 



r fe 

s- E. 



Consider the homotopy equivalence 

X k = G k -! V pV^+H) v p2np fc +l( p r+fc-l) ^ ^ 

where we give Xk the split co-H space structure, so this map is not a co-H 
map. Nevertheless, we have a strictly commutative diagram 



z(nx k A SlX k ) 
r(x fe ) w 

E(Xk) — 



Xk 



E(OL fc A ttL k ) 

r(i fc ) i( 

— >■ E(L k ) — 



Eu 



Li 



Gk 



since Cfc is an iterated index p approximation, we have 



Proposition 5.10. For any map v: Ek — > BW n , vTk is null homotopic iff 
the composition 

Y,(nXk A nX k ) — -$£ E{X k ) ~ E(L k ) -> E k 



is rraZ/ homotopic. 



□ 



32 BRAYTON GRAY 

We now define spaces with split co-H space structures (coproducts in the 
category of co-H spaces) : 

k 

W{j, k) = \/ P 2npi (p r+i_1 ) V pW+l(pr+i-l) 
i=j 

G(j,k) = GjVW(j + l,k) 

L(j,k)=L j yW(j + l,k). 
Consequently we have homotopy equivalences 

G(j,k)~L(j + l,k) 
which are not co--ff equivalences, and index p approximations 

L(j,k)^>G(j,k). 

This leads to a chain: 

/: G(0, k) ~ L(l, k) -)■ G(l, jfe) ~ L(2, fc) -> ► G(Jfe - 1, fc) ~ L k ->■ G fc . 

Theorem 5.11. For any given map v: E k — > BW n the composition 

S(OG fe A QG k ) E k - BW n 

is null homotopic iff the composition 

E(fiG(0, k) A fiG(0, A$ ( ^^E(n6? fc A VLG k ) F fc — ^ Biy n 
is null homotopic, where 

k 

G(0, k) = P 2n+l V \J P 2n P\p r + i ~ l ) V plnpt+l^r+i-lj 
i=l 

and the map /: G(0, k) — > is defined by the inclusion of 

P 2n+1 = G ^G k 
and the maps vrfcc(z) and vrfca(i) /or 1 < i < A;. - 

p2n^ ( ^-l ) ^!) >E .^ jBfc ^ G!fe 

pW+i(p'-H-i) fW> _> £ fe ^> Gfc . □ 
Observe the diagram 

£(0, fc) £ fc 



S(nG(0, it) A fiG(0, k)) G(0, k) — G k 

where T is T k composed with S(fi/ A £lf). Since G(0,k) is a wedge of 
Moore spaces, the components of T are -ff-space based Samelson products 
as defined by Neisendorfer [NeilOaj . This will be studied in the next section. 



ABELIAN PROPERTIES OF ANICK SPACES 



33 



6. Reduction 



Recall that the inductive assumption is that we have constructed a retrac- 
tion Vk-i '■ Ek-i — > BW n such that Vk-i^k-i is null nomotopic. In section [4] 
we saw that we can construct classes a(i), c(i), and for i < k and in 
section [5] we reduced the constraints on the construction of v k to a condition 
involving the maps a(i) and c(i). 

We now make a further simplification by burying the classes c(i) in the 
base space. Specifically, we define a map 



c:C k = \/ P 2n P i+l (p r+i - l )^E k 



by the compositions 



p2np i +lfa ) r+i-l\ 
and define D k by a cofibration 



c(i) 



Ei 



Ek, 



Proposition 6.1. There is a homotopy commutative diagram of cofibration 
sequences 

p2np k +l^pr+k-l^ P > p2np k +l (jjr+k ^ ar+k J ~ p2np k +l ^ 



Ck 



Cfc-i 



7T fc C 



Gk 



D k -i 



and 



Hi{D k 



Z/p T if i = 2n 

Z/p if i = 2np J , 1 < j < k 

otherwise. 



Proof. The composition 



n 2np k +l(pr+k\ 



■p" 



is p by 14.41 The homology calculation is immediate. 

Since (p k TT k is null homotopic, we can extend ip k to a map 

v' k :Dk^S 2n+l {f}. 



□ 
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Any such extension defines a diagram of vertical fibration sequences: 



(6.2) 



Tk 



Jk 



Vk 



S 2n+1 {p r } S 2n+l {p r } — ^ s 2n+l 

Proposition 6.3. We can choose an extension (p' k of f>'u\ in such a way 
that the composition 

p2„ P *+l (p r+/=-l ) Ek j k 

is null homotopic. 

Proof. We begin by denning D by a pushout square: 

G k *- D 



Gk-i ^ D k _i 

Using the lower righthand square in 16,11 and the pushout property, we see 
that there is a cofibration 

where a is the composition: 



D. 



We use the pushout property to construct ip: D — > S 2n+1 {p r } by on 
Dk-i and ipk on Gk- We seek a map ip' k in the diagram 

>- Jk 




S^{tf}^=S 2n+l {p r } 



D k = DU a CP 2n v k + 1 {p r+k - 1 ) 
g 2 " +1 {/} 



We assert that we can choose i^i so that the composition 

*" J *- Jk 



p2np k +lr p r+k-l\ c(fc l Ek 
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is null nomotopic. Note that a is homotopic to the composition 

c(k) 



The assertion then follows from 



J 



D. 



Lemma 6.4. Suppose J >■ D is a principal fibration induced by a map 

ip: D —7- S. Suppose c: Q — >■ J and D' is the mapping cone of nc. Then 
there is a map 92' : D' — >■ S with homotopy fiber J' such that the composition 
Q >■ J ^ J' is null homotopic in the diagram: 



Q 



J 



J' 



D 



D' 



S. 



Proof. J = {(d, u>) € D x S 1 \ w(0) = x and cj(1) = ip{d)} so c(q) has 
components (c\(q), C2(q)) where c±(q) £ D, C2(q) € S 1 with C2 (g)(0) = * 
and C2(<?)(1) = f(ci(q)). Write D' = D D a CQ with at the vertex of the 
cone and a(q) = c\(q). Now define <// : D' — >■ S by (p'(d) = p(d) for d £ D 
and ip'(q,t) = C2{q){t). This is well defined and we can define a homotopy 

H : Qx I ->• J' C £>' x S 1 

by the formula 

= {(q,t)Mq)t) 

where C2{q)t is the path defined as 02(g)* (s) = c\(q)(st). □ 
This proves the lemma and hence the proposition. □ 
Now define 

k 



(6.5) 



Uk 



3 2n+l 



V 



so G(0, A;) = Uk V Cfe, and we have a homotopy commutative square 

G(0,k) *G k 



■ ■ 



D h 



where the lefthand vertical map is the projection and a is defined on 
p2np l as the composition: 



P 



a(z) 



Jk 
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From this we construct homotopy commutative diagram: 



(6.6) 



£(flG(0, k) A OG(0, k)) 



Z(nU k A VLU k ) 



A VLG k ) — ^ E k 



A VLD k ) — ^ J fc 



Proposition 6.7. Suppose there is a retraction j k : — > -BVT n suc/i t/iat 
i/ie compositions 



U, 



Li] 



a<P x (a) 



7fc 



are nuii homotopic for each j ^ 2. T/ien i/ie composition 

Z(nG k A OG fc ) — £ fc — J fc BW„, 
is nuZZ homotopic and the induction is complete. 
Proof. By (j6.6|) and l5.11"1 it suffices to show that the composition 



£(OD fc A — J fc — 



is nuil homotopic. Define E(U k ) k as a pullback: 

E(U k ) J k 



U k 



Then by naturality, it suffices to show that the composition 



£(f2C/fc A nt/jfe) E(Uk) 



J k — BW n 



is null homotopic. But since U k is a co-if space, we can apply 
the proof. 

Now write U k = TiP k where 

k 



to finish 

□ 



i=i 



so = SP fc A • • • A P k byE/JJ According to 15771 the map 



00 



2rf x (a) 



is the iterated external .ff-space based Whitehead product {a, . . . , a} x , where 
{cci, . . . ,Xj} x is defined inductively by the formula: 

{Xl, . . .,Xj} x = {X 1 ,( k {x 2 , ■ ■ ■ ,Xj} x } x 

= {xi, {x 2 - ■ ■ ■ ,x k }} x . 
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If j > 2 this is equal to the relative Whitehead product {x\, {x2, ■ ■ ■ ,Xj}x}r 
by EH 

Since the smash product of Moore spaces is a wedge of Moore spaces, we 
have 

Proposition 6.8. The map 

Td 3 x (a): uf = SP fc (j) J k 

when restricted to one of the (k+iy iterated smash products of Moore spaces 
is an iterated external H-space based Whitehead product 

{x\, . . . ,Xjfx 

where each Xi s is either &a(i): p^-i^r+i-ij ^ D k for 1 < i < k or the 
inclusion p 2n+1 — > D k . □ 

In this analysis, we are considering smash products of Moore spaces for 
distinct cyclic groups. It is necessary, therefore, to split these smash prod- 
ucts and resolve the external Whitehead products into internal Whitehead 
products on the factors. 

Choose a map 

A: P m+n {p s ) -> P m {p s ) A P n {p s ) 

so that the diagram 

P m + n (p s ) -A*. P m ( p s ) A P n (p s ) 

C<m+n — gm a 

commutes up to homotopy. Such a choice is possible when m, n ^ 2 for p 
odd and is unique up to homotopy. 

Neisendorfer [Nei80] has produced internal Whitehead and Samelson prod- 
ucts for homotopy with Z/p s coefficients. The Whitehead product of x G 
■K m+ i(X; Z/p s ) and y G 7r n+ i(X; Z/p s ) is an element [x, y] G (X;Z/p°) 
defined as the homotopy class of the composition: 

(6.9) P w+n+1 (p s ) = ZP m+n (p s ) ^ EP m (p s ) A P n {p s ) 

= P m+l (p s ) o P n +\p s ) X 

As we will need to consider such pairings with different coefficients, sup- 
pose x G 7r m+ i(X; Z/p r ) and y G T[ n+ \{X; Z/p r+t ). We can still form the 
external Whitehead product: 

^P m {f) A P n {p r+t ) = P m+1 (p r ) o P n+1 (p r+t ) X. 

Since the map of degree p r+t on P m (p r ) is null homotopic, there is a 
splitting: 

P m (p r ) A P n {p r+t ) ~ P m+n {p r ) V P m+n+1 {p r ). 
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We now choose an explicit splitting. Recall St = j3p l . 

Proposition 6.10. There is a splitting of P m (p r ) A P n (p r+t ) defined by the 
two compositions: 

jm+n/r\ A pm/ r\ A pn/ r\ 1 A P , r>m ( r\ A pn/J+t\ 



r + > r ) ^> p m ( P r ) a p n (/) p m { P r ) A p n (p r+t ) 



Proof. (1 A7r n )(l Ap*)A = (1 A7r n )A induces a modp homology isomorphism, 
so (1 A p')A induces a homology monomorphism. The second composition 
factors 

lAt "''> P w (p r )AP"- 1 (p f+t ) 

and the composition of the first two maps is a homotopy equivalence. Since 
the third map induces a modp homology monomorphism, this composition 
does as well. Counting ranks, we see that the two maps together define a 
homotopy equivalence: 

e: P m+n (p r ) V P m+n - 1 (p r ) ^ P m {p r ) A P"(p r+ ') □ 

We apply this to the internal Whitehead product (|6.9p to get 
Proposition 6.11. 

{x, y}e = [x, yp 1 } V [x, y5 t ] : P m + n (p r ) V P m +"" V) _> X □ 
Suppose now that we are given a principal fibration 

OX — ^ P — s> P 

classified by a map P —> X where X is a homotopy commutative P- 
space with strict unit and we are given classes u S 7r m (P; Z/p r ) and w G 
7r n (P; Z/p r+t ). Then we have 

Proposition 6.12. 

{n, W } x e = [«,A] X V [u,vS t ) x : P m+n (p r ) V p^-i^r+t) ^ £ 

Proof. Both {w,t;} x e and [«,?;/?*] x V [u, u<5t] x represent maps: 

F+"(p r ) V P^V) £(OP A OP) 

which are homotopic after projection 

£(OP A OP) ^ By B 

bv l6.111 Since Ow has a left homotopy universe, these maps are homotopic. 
Composing with T : £(OP A OP) — > E finishes the proof. □ 
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Theorem 6.13. The restriction of the map 

lid{ (a) : EP fc A • • • A P k -> J k 

to any Moore space in any decomposition of EP k A ■ ■ ■ A P k is homotopic to 
a linear combination of weight j iterated internal H -space based Whitehead 
products 

\X\ , . . . , Xj] x 

where each Xi is one of the following: (, k T k a(i) p l , £.ki~ k a(i)5t, P, v f or 1 — 
i <k and for appropriate values oft. 

Proof. This is an easy induction on j. □ 

Similar to 16.121 we have 

Proposition 6.14. {x,u} r e = [x,up l ] r V [x,u5t] r where x € ir m (B; Z/p r ) 
andu£Tr n (E;Z/p r+t ). ' □ 

There is one special case of this that we will need in section [TU1 This in- 
volves relative Whitehead products [x, u] r when u : S n — > E and x : P m — > B. 
In this case 

[x, u] r = {x, u} r : P m o S n -> E. 
Proposition 6.15. [x,uir n ] r = [x,u] r : p m + n ~ l — > E. 

Proof. {x,uir n } r e = [x,u-K n ] r V since ir n 5t = 0. Consequently we have a 
homotopy commutative diagram 

pm+n—1 w pm+n—2 e y pm Q pn _ ° 1Tn ^ pm Q gn ^ pm+n—1 




where the upper composition is homotopic to projection onto the first factor. 

□ 

7. Congruence Homotopy Theory 

The results of section [61 and in particular 16.131 indicate that the obstruc- 
tions to constructing a suitable retraction v k = 7fcTfc are modp r+ * homotopy 
classes in J k . These obstructions are iterated i/-space based Whitehead 
products in J k . Since BW n is an //-space, any Whitehead products of 
classes in J k will be annihilated by any such map 7&. We are led to a 
coarser classification. 

Definition 7.1. Two maps f,g: X —^Y will be called congruent (written 
/ = g) if E/ and 'Eg are homotopic in [EX, EY]. We write e[X, Y] for the 
set of congruence classes of pointed maps: X — > Y and 

eTr k (Y;Z/p s ) = e[P k (p s ),Y}. 
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Clearly congruence is an equivalence relation and composition is well de- 
fined on congruence classes. This defines the congruence homotopy category. 
It is easy to prove 

Proposition 7.2. Suppose f = g: X — > Y and h: Y — > Z where Z is an 
H-space. hf and hg are homotopic. 

Consequently, it is sufficient to classify the iterated if-space based White- 
head products of 16. 131 up to congruence. We will also need to consider con- 
gruence in a different way in section [TUJ In constructing 7^ we will make 
alterations in dimensions where obstructions of level k — 1 may resurface. 
This is a delicate point which has needed much attention. For this reason 
we need to develop deeper properties of congruence homotopy theory. 

Proposition 7.3. The inclusion Y\ V Y 2 — > Y\ x Y2 defines a 1-1 map 
z.* : e[X,Yi V Y2] — > e[X,Y\ x Y2]. Furthermore, if G is a co-H space e[G,X] 
is an Abelian group and 

e[G, Yt V Y 2 ] e[G, Y x x Y 2 ] = e[G, y] © e[G, Y 2 }. 

Proof. Suppose f,g: X Y\ V Y 2 and the compositions: 

EX ^ E(y V Y 2 ) ^ S(y x Y 2 ) 

^ E(y V Y 2 ) ^ £(y x Y 2 ) 

are homotopic. Since Ez has a left homotopy inverse, E/ and Eg are ho- 
motopic. The co-H space structure on G defines a multiplication on [G, X] 
and the map 

[G, X] -> [G, ftEX] 

is multiplicative. However [G, OEX] is an Abelian group by a standard 
argument. Since e[G,X] is a subgroup of [G, ClUX] = [EG, EX], it also is 
Abelian. Finally observe that the composition 

e[G, y] e[G, Y 2 ] -> e[G, y V Y 2 ] -> e[G, y x y] -> e[G, y] © e[G, y] 

is the identity where the first and last maps are defined by naturality. Thus 
the composition of the first two is 1—1. But this composition is also onto 
since any element of e[G, Y\ x Y 2 ] is represented by a map G — > Y\ x Y 2 so 
all these maps are isomorphisms. □ 

Proposition 7.4. Suppose G and H are co-H spaces. Then composition 
defines a homomorphism: 

e[G,H] ® e[H,X] -> e[G, A]. 

Proof. The only issue is the distributive law 
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for a : G — >• H and ^1,^2- H — > X. To prove this we show that the following 
diagram commutes up to congruence: 

G >- H 



GVG ^Jl HVH. 

This certainly commutes after the inclusion of H V H — ¥ H x H. Thus it 
commutes up to congruence by 17.31 □ 

This will be useful when G and H are Moore spaces. 

Corollary 7.5. The category of co-H spaces and congruence classes of con- 
tiuous maps is an additive category. 

Proof. G V H is both a product and co-product by 17.31 and composition is 
bilinear by 17.41 □ 

Theorem 7.6. Suppose tp: Y, 2 X — > p 2m (p r +*) nas order p r . Then there are 
maps if! : Y?X P 2m {p r ) and (p 2 : T?X -)■ S 2 " 1 ' 1 such that 

if = ipip 1 + l2m-l¥>2- 

Proof. According to |CMN79cj 11.1] or [Gra99l 1.2], there is a fibration 
sequence 

np 2m ( P r+t ) — ^ s ,2m - 1 {p r+i } — w pi™(f+t) 

where W is a 4m — 3 connected wedge of Moore spaces and ir is an iterated 
Whitehead product on each factor. In particular, ir is null congruent. A 
right homotopy inverse for d is constructed as follows. Given any map 
8: U —¥ V, there is a natural map from the fiber of 9 to the loop space on 
the cofiber: 

$: F e -^n(vu e CU). 

This defines a map <£: S 2m ~ l {p r+t } — > £lP 2m {p r+t ) and d§ is a homol- 
ogy equivalence since S 2m ~ l {p r+t } is atomic. This defines a splitting of 
Q,P 2m (p r+t ) and we have a direct sum decomposition 

[T, 2 X, W] [EX, 5 2m -Hp r+ *}] P 2 A, P 2m {p r+t )) 



(a, (3) ■<■ 9- cp = to + <l>/3 

where <&j3 is the adjoint of <l>/3: HX — > QP 2m (p r+t ). Since </? has order p r 
both a and /3 have order p r . Since tt is null congruent, we have 
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Now consider the diagram of fibration sequences: 

- f ^ gton-lyr+ty _EL_^ S 2m-l{ p r+t} 



p 



g2m-l 

r+t 



P 



g2m-l 

r+t 



s- 



2m- 1 



s 



2m-l 



S 2m-l{ p ry 

* ~ p r+t 

s 2m - l { P r } 

From this we see that F ~ S 2m ~ 1 {p r } x VLS 2m ~ 1 {p r }. We choose a split- 
ting of F as follows: define a map p t by the diagram of vertical fibration 
sequences: 

S 2m ~ l {p r } -i» 5 2m - 1 {p r+ *} 



S 2m ~ 



i 



:5 



<2m-l 



P' 
g2m—l 



Cj2m- 



The map factors through / and defines a splitting. Thus the composition 

S 2m-l| p r| x ^2m-l| p r| „ F g2m-lyr+t} 

is homotopic to the map 
S 2m ~ 1 {p r } x ftS 2 ™" 1 ^} 

P!_l^ S 2m-l {p r+t } x ^m-l^r+t} ^m-l^r+tj 



where St is the composition 

ns 2m - 1 { P r }- 



S 2m-l{ p r+ty 



Since (3 has order p r , it factors through F and we conclude that /3 is homo- 
topic to a composition: 



■S 2m - l {p r } x ftS 2 ™- 1 ^} 



S 2m-l{ p r+ty x 5 2m-l{pr+t}. 



, S 2m-l{ p r+ty 



This map is homotopic to the sum of the two compositions 



sx 



■ s 



^s 2m - 1 {p r } — - fts 2 ™- 1 — 



J1P 



i2m-l/„r+t 
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By the naturality of <3?/3 is homotopic to the sum of the maps 

A np 2m { P r ) ^ np 2m { P r+t ) 
sx ^ ns 2 " 1 - 1 np 2m (p r+t ). 

Thus (p = 4>f3 which is homotopic to (pip 1 + Lim-Wi- D 

At this point we will examine the effects of -ff-space based and rela- 
tive Whitehead products on congruence classes. We recall the Whitehead 
products in modp r homotopy introduced by Neisendorfer ( [Nei80| . [NeilOa| . 
[NeilOb| ). All coefficient groups will be Z/p r with the understanding that 
in case of different coefficient groups we reduce the larger coefficients to the 
smaller as in ()6.6|) . 

Suppose then we are given a principal fibration 

9.T E — ^ B 

induced by a map ip: B — > T where T is a homotopy commutative -ff-space 
with strict unit. Suppose we are given classes 

a G 7r m (B; Z/p r ), G 7T n (B; Z/p r ), 7 G n k (E; Z/p r ), 6 G tt £ (E; Z/p r ). 

Recall that by using the map A from section [6] we define the -ff-space based 
Whitehead product 

[a,0\ x = {a, /3} x A G TV m +n-l(E; Z/p r ) 
and the relative Whitehead product 

[a,j\ r = {a,7} r A G ir m+k -i(E; Z/p r ). 
These are related as in 13.61 13.101 and 13.111 

Proposition 7.7. (a) 7r*[a,/3] x = [a, ft] G ir m+n -i{B; Z/p r ) 

(b) [7r*7,7r*<5]x = [7,0] G ir k +£-i(E; Z/p r ) 

(c) [a,S] r = [a,TrJ] x G n m+i - 1 (E;Z/p r ) 

(d) ir*[a,6\ r = [a,7r*o~] G ir m+ ^ 1 (B; Z/p r ) 

(e) [7T*7,<5] r = [7,5] G Tr k+i -i(E;Z/p r ) 

According to Neisendorfer [NeilOaJ, we also have standard Whitehead 
product formulas: 

Proposition 7.8. The following identities hold: 

(a) [ a ,/3] x =-(-l)(™+D(«+i)[/3,a] x 

(b) [ai +a 2 ,/3] x = [ai,/3] x + [a2,/?]x 

(c) [a, [f3, V }} x = [[a, r?] x +(-l)(™+l)(«+i) [/?, [ a , 77]] x /or 77 G vr, (5; Z/p') 

(d) /3W[a,/3] x = [/^ r )a,/?] x + (-l) m+1 [a,/? (r) /?]x where ^ is the Bock- 
stein associated with the composition P k (p r ) — >■ P fe+1 (p r ) /or appropriate k. 

Proof. See |Neil0a| . Neisendorfer considers the adjoint Samelson products, 
so there is a dimension shift. □ 
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We now define a Z/p r module M*{B) by 

M m = n m+1 (B;Z/p r ). 

Proposition 7.9. The relative Whitehead product induces a homomorphism: 

M m ® eir k (E; Z/p r ) -> e7r m+fc (£; Z/p r ). 

Proof. It suffices to show that if £7 ~ *, then S[a, 7] r ~ *. Recall that 
[a,7] r is given in 13,91 by the composition: 

r i+t (p r ) — ^-^ F m (p r ) a P k (p r ) 

9 —+ ttP m+1 (p r ) x P k (p r ) QaK l SIBkE — £. 

However, since there is a natural homeomorphism 

S(X x Y) = X x SY, 
7] ». factors through the map 

This map is null homotopic since it factors through QB x * up to homotopy. 

□ 

Definition 7.10. A*{B) is the graded symmetric algebra generated by M*(B). 

Theorem 7.11. The relative Whitehead product induces the structure of a 
graded differential A*{B) module on en*{E; Z/p r ). 

Proof. By 17.91 there is an action of M*(A) on eir*{E; Z/p r ) and hence an 
action of the tensor algebra. It suffices to show that 

[ a ,[ft 7 ] r ] r E(-in/],[a l7 ] r ] r 
where a E M m and j3 € M n . However we have 
[a, [/3,j] r ] r = [a, [/?,7T*(7)]] X 

= [[a,/3],^( 7 )] x + (-ir«[/3,K^(7)]] x 
by 17.7( c). (d) and 17.8( c). But [a, (3] = n*[a, /3] x by 17.7( a). so we have 
[[a,/3],vr*(7)] x = [vr*[a,/3] x ,vr*7] x 
= [[«,/5]x,7] 

by 17.7( b). But [[a, /3] x >7] is a Whitehead product of classes in n*(E; Z/p r ), 
so [[a, /3] x , 7] =0. Thus 

K[/3,7]r]r = (-ir n [/5,[«,7r, 7 ]] x 

= (-ir^[«,i]r. □ 

Proposition 7.12. The action of A*(B) on eir*{E\Z/p r ) commutes with 
the composition from \7Jj\ That is, given £: P n — > P% a: P m+1 — > B, and 
7 : P l — > E, we have 
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Remark. In the case of the absolute Whitehead products, one only has a 
homotopy 

when £ is a co-H map. This is a special feature of the relative Whitehead 
product and the congruence relation. 

Proof. The two homotopy classes in question are represented by the follow- 
ing compositions 

S m f , „ A iff ,-ie Qatx-y r' 
pm+n \ pm+l " , P m AP > f2i' ,m ~'~ X <-> n ' 



QBkE — — ^- E 



P 



m+n 



pm A pr, 



„ , 1 fiO!lX7f 

J^pm+l K pn £ 



QBsxE 



r' 



J5. 



Thus it suffices to show that the square 

pm A p^ j]pm+l tx p^ 



1A£ 



pm A pn 



1 K £ 



DP™ x P r ' 



commutes up to congruence. The result follows from 

Lemma 7.13. For any map £: XY — >• TY' , the following square commutes 
up to congruence: 



X ATY ~X*Y 







1A£ 



nsx x ey 



1 K £ 



Proof. The map from 13.91 is a lifting of the Whitehead product 



X*Y 



W 



£X V £Y. 



to the homotopy fiber of the projection XX V £Y 
up to homotopy such that the diagram 

QT.X x £Y 



X * Y 



T,X. 6 is unique 




commutes up to homotopy. 

The map ir : QY>X x £Y — > £X V SY factors, up to homotopy 



QT,X x SY ~ PSX U fffiX x SY SY V SY 
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where ir' is end point projection on PEX and on OEX x "EY it is projection 
onto the second coordinate. Consequently, a choice for 9 factors 

x * y ^ x x sy nsx x Ey 

where 9' maps CX x Y C X * Y to the base point and 0' maps X x CY to 
X x T,Y —7- X x Ey by pinching X x y to a point. In fact, 9' is the quotient 
map: 

x * y x * y/cx x y ^ x x sr. 

The subspace CX x y is homotopy equivalent to Y and the inclusion: 

cx x y c x * y 

is null homotopic. Consequently we have a split cofibration sequence: 
X * Y X x Sy >■ EY. 



Using naturality of the projection X x EY 
we construct a diagram: 



(7.14) 



x*y - 
x *y 



- x x sy - 

- x x sy 



sy for map £ sy^sy, 

** EY 

-Ey'. 



We assert that there is a map £' so that the lefthand square commutes up 
to congruenceJl This follows since X x Sy' ~ X * Y' V Ey' using 17.31 We 
next observe that the composition 



x*y 



x x sy 



x a Ey 



obtained by pinching Ey to a point, is a homotopy equivalence. Thus the 
diagram 



X*Y 

x*y 



> x x Ey - 
- x x sy ■ 



-x Asy 

t A £ 

- x a sy 



commutes up to congruence. Inverting the equivalence, we get a square 
which commutes up to congruence 



X A Ey ■ 

i A £ 

x Asy 



-x*y 
x*y 



combining this with (jT. 141) proves the lemma and the theorem. 



□ 



This definitely does not commute up to homotopy in general. 
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We now apply the A*(Dk) module structure to the study of the con- 
gruence classes of the obstructions in 16. 131 We will actually only consider 
the subalgebra of A*(Dk) generated by v G M2 n = ^2n+i(DkZ/p r ) and 
[A = f3v £ Mm-x- These elements generate a subalgebra 

Z/p[v] ® A(ji) C A,(D k ) 

and e7r*(Jfc; Z/p r ) is a module over this algebra. We define classes 

H(i) = TfcoCOp* -1 : P 2npl -> Jfc 

6(0 = 7*a(i)«Si-i : ^ 2V_1 "> A 
a(0) = [^,/i] x 

6(6) = [Mx 

for 1 < i < fc. 

Theorem 7.15. The collection of congruence classes of the set of obstruc- 
tions listed in \6.13\ is spanned, as a module over Zjp\u\ ® A(/u) by the classes 
a(i) and b(i) of weight j > 2 for < i < k. 

Proof. We first consider internal H-sp&ce based Whitehead products of 
weight 2. Recall that by 17.7( b) [£fc7,£fc£]x = [~f,5] which is null congru- 
ent, so we need only consider weight 2 products [xi,»2]x m which at least 
one of x\,X2 is not in the image of By l7.8( a). we will assume that x\ = \i 
or v. This gives the following possibilities for weight 2. 

a(0), 6(0), [v,£ k a(i)] x , [/x, ^a(i)] x , [f, &&(*')] x , [/x, x 

for 1 < i < fc. Applying 17.7( b) again, we see that for j > 2 the class of 
[an, ... , £j]x is null congruent if an is in the image ov Thus each of 
x%, . . . , Xj-2 must be either /x or v. Furthermore, for j > 2 

[xi,, . . . ,Xj] x = [xx,£ k [x 2 , . . . ,Xj]] x 

= [Xl, [X 2 ,.. -,Xj}] r 

by I3.10| so [x\, . . . ,Xj] x is in the Z/p[u] ® A(/x) submodule generated by 

[ x j— i, x j] x ■ n 

We will refer to the submodule generated by a(fc) and b(k) as the level 
obstructions. In case k = we have some simple relations: 

Proposition 7.16. /x&(0) = ctnc? i/6(0) = 2/xa(0). Consequently the sub- 
module generated by a(0) and 6(0) 6as a 6oszs consisting ofv k b(0) and u k a(0) 
for k ^ 0. 

Proo/. /x[/x,-ix] x = [M> [M>«]x]r = [m, [m>«]]x = 0. /x[^,/x] x = [xi, [z;, /x] x ] r = 
[/x, [i/, /x]] x . UsingEHJ^a) and (c) we get [/x, [u,fi}] x = [[n,v],fi] x +W, [m»A*]]x = 
- [*A ^]] x + [^, [M, m]] x , so 2/x[i/, /x] x = [u, [/j,, u]] x = v\p,, /x] x . □ 
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Because of these relations we defindl x 2 = [v, fj] x and y 2 = \ \p, fA x • Then 
Xk = vx k _\ = v k - 2 a(0) and y k = fj,x k -i. 

Proposition 7.17. The level congruence classes are generated by Xj and 
Uj f or j 2 with the relations [ix k = uy k and vy k = 0. Furthermore 
(3xj = jyj and /3yj = 0. 

Proof. fJLX k = u k ~ 2 fj,x 2 = %i' k ~ 1 [fJ>, (Ax = v k ~ 1 y 2 = vy k . fj,y k = iiv k ~ 2 y 2 = 
\v k ~ 2 fi\ x = by 17.161 These relations imply that the x k and y k are 
linear generators. We will see in section [8] that they are actually linearly 
independent. (3x k = (k — 2)v k ~ 3 x 2 + v k ~ 2 [[i, fj]x = (k — 2)^x k ^i+2y k = ky k . 
(3y k = (k-2y-^[^fj] x =0. □ 

8. Controlled Extension 

In this section we will introduce the controlled extension theorem and 
apply it to the simplest case: the construction of a retraction map vq : Eq — >• 
BW n such that the composition 

£(ftG A nG ) E BW n 

is null homotopic. This case is considerably simpler than the case k > 
and will serve as a model for the later cases. The controlled extension 
theorem is an enhancement of the extension theorem ([GTlQl 2.2]), and our 
construction of vq is a more controlled version of the construction of vq = v E 
of section E] of [GTiOj . 

Theorem 8.1 (Controlled extension theorem). Suppose that all spaces are 
localized at p > 2 and we have a diagram of principal fibrations induced by 
a map tp: B Ue e m —> X: 

QX = QX 



Eq *- E 

TT 

B ^BU e e m . 

Suppose dimi? < m and we are given a map x- P m (p s ) — > E with s 1 such 
that TTX- P m {p s ) — > B Ue e m induces an isomorphism in modp cohomology 
in dimension m. Suppose also that we are given a map 70: Eq — > BW n . 
Then: 

(a) There is an extension of 70 to 7': E — > BW n . 



^The class Xk : P 2nk —5. Do = P 2n+1 is the adjoint of the similarly named class 
in |CMN79c| . 
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(b) Suppose also that we are given a map u: P — > E and a subspace 
Pq C P such that the composition 

Pn *~ P — !U. E BW r , 



is null homotopic and such that the quotient map q: P — > P/Pq 
factors up to homotopy 

a' £ 
P E — E/E — U- P/P 

for some map £. Then there is an extension 7 0/70 such that ~ *. 

Proof. The existence of 7' is the extension theorem of [GTiOl 2.1]. Basically, 
the existence of \ guarantees that is divisible by p s and this occurs in Eq. 
A clutching construction model for E is introduced and E is described as 
a pushout. The fact that the P-space exponent of BW n is p is used to 
construct 70. 

To prove part (b), we suppose 7' is given and we construct 7 as the 
composition: 

E — ^ ExE/E BW n x P/P J^%. BW n x BW n — ^ BW n 

where rj: P/Pq — > BW n is defined by the null homotopy of 7'u|p and -r is 
the P-space division map. Clearly 7|^ ~ 70- To study j\p, consider the 
diagram 

E A > E x E/E J-^L BW n x P/P -i^- BW n x BW n — ^ BW„, 



U X (7 It 



A 



nqxq 



lxn 



P =— »- P X P 1 PW„ X P/P ^ PW„ X BW n '-^ BW n 

where the lower composition of the first 3 maps factors through the diagonal 
map of BW n , so the lower composition is null homotopic. □ 

Now we will apply this in the case k = 0. Recall the spaces (|6.2p . In this 
case D = G = P 2n+1 and J = E : 

n 2 s 2n+1 E ^ _ Fo ^ QS 2n+ 1 



p2n+l p2n+l ^ pg2n+l 



g2n+l^pT j ^ (pn+1 " ? g2n+l 



These spaces were introduced in |CMN79a] where Eq is called E 2n+1 (p r 
and P is called F 2n+1 p r ). 
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Proposition 8.2. H*(F ; Z^) 



Z(~,\ if i = 2mn 
otherwise. 



Proof. This is immediate from consideration of the cohomology Serre spec- 
tral sequence of the middle fibration, which is induced from the path space 
fibration on the right. All differentials are controlled by the path space 
fibration. □ 

We filter Fq by setting Fo(m) to be the 2mn skeleton of Fq and define 
Eo(m) to be the pullback over Fo(m) 



n 2 s 2n+1 — n 2 s 



2 q2n+l 



E {m) - E 

Vo 

F (m) *F 

Since Fq(1) = S 2n , this fibration in case m = 1 is the fibration which defines 
BW n QGra88| ) 

n 2 s 2n+1 — ^ s in - 1 x Bw n — s 2n — ns 2n+1 . 

We consequently define vq(1): Eq(1) — > BW n by retracting onto BW n . 
Clearly ^0(1)2/2 is null homotopic since 2/2 ■ P 4 ™ -1 — y Eq and BW n is 2np — 3 
connected. We will use 18.11 to construct i>o(m): Eo(m) — > BW n such that 
vo{m)yi and fo(m)xj_i are null homotopic for i < m + 1. 

Proposition 8.3. For each m ^ 2, there is a retraction UQ{m): Eo(m) — > 
BW n extending vq{jxi — 1) such that z/o(m)* annihilates x m and y m +\- 

The proof of this result will depend on two lemmas. 

Lemma 8.4. The composition 

induces a cohomology epimorphism. 

Proof. To study rjQXj, we use the principal fibration: 

Q S 2n+l ^ Fq _ p2n+l 

Clearly [i: P 2n — > p 2n + 1 lifts to a map x\ : P 2n — > Fq which induces a 
cohomology epimorphism. Then ] r for each j ^ 2 so we can 

apply [3TT21 to evaluate Xj in cohomology. □ 
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Lemma 8.5. The composition 

p2»(j+i)-i J&±1 ^(j) . E (j)/E (j - 1) 

~ S' 2 ™-' xi ft 2 S 2n+1 - » 5 2Ty ' V 5 2n 0+ 1 ) -1 
induces an integral cohomology epimorphism. 

Proof. Since F (j) = F (j - 1) Ue 2 " 1 ', E (j)/E (j - 1) ~ S 2 "*" x 2 5 2n+1 
by the clutching construction (|Gra88j). From the homotopy commutative 
square 

E (j) E (j)/E (j - 1) ~ S 2 ^ x 2 5 2 " +1 



^o(j) 



■ S' 2njf 



we see that the composition 

■E (j) >E (j)/E (j-l) 



p2nj X j . 



s 2nj x n 2 s 2n+1 



■ S 2nj V gMi+i)- 



is an integral cohomology epimorphism. Since the action of Q 2 S 2n+1 on 
E (J) corresponds with the action of Q 2 S 2n+1 on E (j)/E (j - 1) ~ S 2n i x 
2 S' 2n+1 , we can apply I3TT21 to see that the composition in question 



p2n(j+l)-l 



s 2nj x n 2 s 2n+1 



induces an epimorphism in integral cohomology. 
Proof of \8.3[ We apply 18.11 to the diagram 

Q2 S 2n+l 2 S 2 " +1 



□ 



E (m-l) 



Eo(m) 



F (m - 1) F (m) = F (m - 1) U e e 2mn 

where 6 is the attaching map of the 2mn cell. Let x = x m '■ P 2mn — y E(m). 
Choose an extension 7' of 70 = vo(m — 1). Let P = p 2mn v p 2 ("H-i)n-i an d 

u . p2mn v p2(m+l)n-l ^Vy m+1) 
and P = 5 2mn " 1 V S2(m+l)n-2_ The composition 

p2mn-l o2mn-l _ r>2mn *^ T "^ p 
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is f3x m = my m by !7.17l Since vo(m—l)y m is null homotopic, the composition 

p 2mn~l _J_^ p2mn p^ 

is null homotopic. /3 factors: p 2mn - 1 — > g2mn-i _^ pimn ^ go composi- 
tion 

5 2mn-l ^ p 2mn p^ 

is divisible by p r . However p ■ 7r,(BW n ) = 0, so this composition is null 
homotopic. Similarly, since (3y m+ i = 0, the composition 

S 2 (m +l)n-2 ^ p2(m+l)n-l E ^ m) p^ 

is null homotopic. Thus the composition 

Po XmVVm+ \ E (m) BW n 

is null homotopic. However 

p = p2mn y p2(m+l)n-l E Q {m) »- 



E (m)/E (m - 1) = S 2m " ^ 2 S 2n+1 

induces an integral cohomology epimorphism by 18.41 and 18.51 Let £ be the 
composition 

g2mn ^ ^2^2ri+l ^ g2mn y g2mn ^ q2 g2n+l ^_ g2mn w ^2(m+l)n— 1 

where the last map is obtained by evaluation on the double loop space. 
Clearly the conditions of 18.11 are satisfied, so we can choose an extension 
fo(m) of vo(m — 1) such that i'o(m) l „(x m ) = and fo(m)*(y m +i) = 0. This 
completes the induction. □ 

Corollary 8.6. There is a retraction uq : Eq — > BW n such that the compo- 
sition 

S(OG A flGo) E BW n 

is null homotopic. 

Proof. By 18.31 [yo)*{x m ) = and (vo)*(y m ) = for m ^ 2. By 16.131 and 
EH 

is null homotopic for all j ^ 2. The conclusion follows from 16.71 □ 

Remark 8.7. The map uq is a specific choice of the map v E asserted to exist 
in |GT10l 3.5]. Consequently by |GT10l 3.10] and |GT10l 4.9], the space 
T^n-i constructed as the fiber of v$ is homotopy equivalent to the space 
constructed in [GT10] for any of the possible choices of v E made there. 
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9. Interlude 

At this point we pause in the induction. We suppose that we have con- 
structed a retraction 



7*-l : J k-i -> BW n 



such that the composition 



£(nG fc _i AfiG fc _i 



Tk-l T 7fc-l 



-Sfc-l *■ Jk 



is null homotopic. The procedure in section [8] is a model for the inductive 
step. To proceed, we will first need to prove: 



(9.7) 



Z, 



(p) 



if i = 2mn 
otherwise. 



This will allow an inductive procedure over the skeleta of as in section [8l 
However, a difficulty arises because an extension over which annihilates 
the level k obstruction may not necessarily be an extension of 7jt_i- We 
will need to find a relationship between the level k obstructions and the 
earlier ones to show that all obstructions of level less than or equal to k are 
annihilated by 7*.. This will be established in section [TUl 

Proposition 9.1. Let W^-i be the fiber of^/k-i- Then we have a homotopy 
commutative diagram of vertical fibration sequences 



Rk- 



k-1 



T 



ns 2n+1 



— Fk-1 
Gk-i Du-i ^=^= Dk-i 
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and two diagrams of fibration sequences 

?2n-l ^ q2 g2n-l ^_ 



5- 



W, 



BW„ 



k-1 



Jk-i >■ k> 



F k - 



F 



k-1 



s 



2n-l 



ns 2n+1 



-k-i 



D 



k-i 



S 



2n+l 



Proof. The map Vk—i '■ E k _\ ~^ BW n defined in |GT10[ 4.3(h)] was an arbi- 
trary retraction such that the composition 



Q 2 5 2n+1 ^QS 2n+l { P r } 



BW k 



is nomotopic to v. Since the composition of the first two maps factors: 

tf S 2n-\ BWn BW n x S 4n - 1 = E (l) -> E , 
we can define Vk—i to De the composition 

Ek-l >■ Jjfc-l >■ BW n - 

From this it follows that we have a commutative diagram of fibration se- 
quences 



i 



E k 



fc-i 



Tfc-l 



7*-— 1 



Consequently the square 



k-l 



w fc _i 



Gk-\ *~ Dk-i 
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is the composition of two pullback squares 



R 



k-l 



E, 



k-l 



G 



k-l 



Tk-l 



Jfe-l — ~" ^ -Dfc-1) 



so it is a pullback and the first diagram commutes up to homotopy. The 
second diagram follows from the definition of W k -i and the third is a com- 
bination of the first two. □ 



Proposition 9.2. ~ S 271 ' 1 x filf M . 

Proof. Extending the third diagram of 19.11 to the left yields a diagram 

^2 g2n+l ^ S 2n ~ l 



ns 2n+1 



F k - 



both of the horizontal maps have degree p r in dimension 2n, so W^-i is 
4n — 2 connected and the map 5' 2n_1 — > W k ~i is null homotopic. From this 
it follows that fi.F fc _l ~ S 2 ™- 1 x fiW fc _i. □ 



Proposition 9.3. The homomorphism H*(F k _i) — > H* (W k -i) is onto and 



Z{p)/p r+s ~ 1 if j = 2np s < s < k 
Z( p )/ip r if j = 2m, otherwise 
otherwise. 



Proof. Consider the Serre spectral sequence for the p-local homology of the 
fibration 



ns 



2n+l 



— >■ fk-l *" u k-l 



Since E 2 q is only nonzero when p and q are divisible by 2n, E 2 q = E^ q . We 
assume the result (|9.7p for the case k — 1 by induction. Since E™ q has finite 
order when p > and H*(F k _i; Z^) is free, all extensions are nontrivial. 
Let Ui € H 2nt (QS 2n+1 ) be the generator dual to the i th power of a chosen 
fixed generator in H2 n (QS 2n+1 ), so 



UjU 



2 Ujj 



i + j 
i 
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Using the nontrivial extensions in the Serre spectral sequence, we can choose 
generators ei G H 2m (Fk-i; Z(p)) so that 



p r+d l m \ip d 1 ^i <p d d < k 



Since (5k)* is a monomorphism, it is easy to check that 



ip r ej if i = p s < s < k 



i—p 



otherwise. 



It now follows from the p-local cohomology Serre spectral sequence for the 
fibration 

S 2n-l „ w ^ _ Ffe _ i 

that 



d2n(ei-i <S> u) 



ip r 1 ej if i = p s < s < k 
ip r ei otherwise. 

From this we can read of the cohomology of W^-i- 
Proposition 9.4. The homomorphism 

H 2n P k (W k ^) *~ H 2npk (T) 

is nontrivial of order p. 

Proof. From [97T1 we have a homotopy commutative square 

t >■ ns 2n+1 



W k -i 

to which we apply cohomology 

jj2np k (rp^ ^ 



4-i 
Fk-i 



H 2n p k (ns 2n+1 ) 



°k-l 



H 2n P h (W, 



fc-lJ 



R 2np k ( Fk _ 



which we evaluate 



Z/p r+k * z ip) 

n r+fc-l 



Z/p 



P 



□ 



where the two horizontal arrows are epimorphisms. The result follows. □ 
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Proposition 9.5. The map T — > Rk-i extends to a map 

T/T 2npk ~ 2 -> i? fc _i 

such that the composition 

p2np k (^p r +k^ _ rp2np k J rp2np k — 2 ^_ y jrj\2np k —2 ^_ ^ ^_ 

is miZZ homotopic. 
Proof. Since the fibration 

T Rk-i ^ Gk-i 

is induced from the fibration over Gk, we have a homotopy commutative 
square 

T/VtGk-i *~ Rk-i 



T/nG k 



R k . 



Since the inclusion T 2nph 2 *- T factors through QGk~i, this gives a 

homotopy commutative square 



rp Jrp2np k 



-2 



T jT 2n P 



Rk- 



Rk 



-2 



□ 



The result follows by restriction to T 2npk ' jT 2nph 

Proposition 9.6. Let a^: p 2n P k (jf +k ) — y R^-i be the composition of the 
first two maps in \9. 51 Then the composition 



p2np k (y+k\^ a k. 

is nonzero in p local cohomology. 



Rk- 



Proof. This follows from 19.41 using the diagram 

p2np k (jf+k^ ^ p j p2np k — 2 



Rk- 



fc-i 



Wfc. 



where the three spaces on the top have isomorphic cohomology in dimen- 
sion 2np k . □ 



Proposition 9.7. H^F^Z^) 



otherwise. 
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Proof. We assume the result for F k _x by induction. Since F k is the total 
space of a principal fibration over D k = D k _x U CP 2np (p) whose restriction 
to is Fk—x, we have by the clutching construction 

F k /F k -x = P 2npk+l (p) xnS 2n+1 ; 
and consequently we have a short exact sequence 

H 2nm (F k „x) H 2nm (F k ) Z/p 

for m ^ p k while i?2nm(-^fe-l) — H2nm{F k ) for m < p k . We will prove that 
the extension is nontrivial. It suffices to show that H 2np k(F k ) ~ Z^ since 
the module action of iJ*(Q5' 2n+1 ) on both H*(F k -x) and H*(F k ) implies the 
result for all m ^ p k . If this failed we would conclude that H 2np k(F k ) = 
Z(p) © Z/p. This would imply that the homorphism 



H 2n P k (F k ; Z {p) ) — — H 2 "P h (F k _x; Z {p) ) 

is onto. We will show that this is impossible. Suppose then that this map 
is onto and consider the homotopy commutative diagram 



2n+l 



p2np k fa 



r+k 




The map L exists since the composition into D k factors through the com- 
position 

Rk-i Rk *- Gk D k ; 

thus this composition is null homotopic by 19.51 Now if 

H 2nph (F k ) >■ H 2nph (F k _x) 

is onto then the entire composition 

jj2np k <Pj \ >. J^2np fc ^p2np k 

is nonzero by 19.31 and 19.61 But 5 k factors: 

nS 2n + l Fk _ x „ p k 
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and (<5 fc _i)*: H 2n P k (F fc _ x ) -> fl^ffiS 2 "* 1 ) is divisible by p r+fc ~ 1 . Since 
L* is nonzero on the image of 5%. which is divisible by p r+k ~ l and 

H 2n P k (P 2n P k (p r + k )) Z/p r+fc , 

we conclude that L* is onto. This is impossible for then the composition 

p2np k (jjr+k\ L a j~2^2n.+l ^ ^^<2np fc_1 +l 

would be onto, where H p k-i is the James Hopf invariant. But there is never 
a map 

P 2m P(p r+fe ) -> ftS" 2 "^ 1 
which is onto in cohomology when r + > 1 since the adjoint 



p2np-l fpr+k\ 



2 c2m+l 



n a 5 



would also be onto. Such a map would not commute with the Bockstein. 
Consequently the extension is nontrivial and the cohomology is free. □ 

Corollary 9.8. The induced homomorphism 

H2ni{Fk-l) *~ H2ni{Fk) 

is an isomorphism when i < p k and has degree p if i ^ p k . 



□ 



This completes the first task of this section. Our second task will be to 
give a sharper understanding of the spaces Rk-i and, in particular, W^-i. 
Recall that Gk-i is a retract of Y l T 2npk ~' 2 . Consequently we have a sequence 
of induced fibrations from 19 .11 



T 



T 



R, 



k=l 



Qk- 



R 



k-1 



G k - 



Gk-i 



from which we see that Rk-i is a retract of Qk-i- Using the clutching 
construction, we see that Qk-i is homotopy equivalent to a pushout 



Q 



fc-i 



rp2np k -2 x rp 



Qrp2np l> 



-2 



x T 



where a is the restriction of the action map: 



rp2np k -2 x rp 



ftCVi x T ■ 



T. 
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Restricting to T 2np '~ 2 x *, we see that the composition 

T 2n P fe -2 ^ T „ Q k i 

is null homotopic, so Q k ^/T 2npk - 2 ~ Q k ^ V ST 2 "^" 2 . However, from the 
pushout diagram, we have 

Q k -i/T ~ ST 2npfc ~ 2 x T. 
Restricting to the 2np fc — 2 skeleton, we get 

Q 2nP i~ 2 V ST 2np ^ 2 ~ (Y,T 2npk ~ 2 x T) 2npk ~ 2 



so Q^f" 2 - (ST 2n P fc ~ 2 AT) i,tp *. Now STAT is a wedge of Moore spaces 



j2np fe -2 

by (B) in section [2] and only has cells in dimensions congruent to —1, 0, or 1 

mod2n. Consequently Q?™^ 2 is a wedge of Moore spaces, and the largest 

exponent is the same as the largest exponent in Y^T 2npk ~ 2 , which is p r+k ~ l . 
Since Rk-i is a retract of Qk-i, we have proved 



Proposition 9.9. R k _ 1 
r ^ s < r + k. 



2np k -2 



is a wedge of modp s Moore spaces P m {p s ) for 



Remark. There are no spheres in this wedge as there are no Moore spaces 
in ^T 2npk - 2 A T of dimension 2np k - 1. 

Proposition 9.10. The homomorphism in integral homology 

Bi(i2fc_i) -#i(W fc _i) 



is onto for all i and split for i < 2np k 



1. 



Proof. Since -Dfc-i is the mapping cone of the composition 



= V 1 P 2n P k - l (p T +*- 1 ) — ^ E k ^ ^-L G 



fc-ij 



i=i 



there is a clutching construction for the fibrations in 19.11 



Rk- 



fc-i 



and we can describe Wfc_i by a pushout diagram 

Rk-i Wk-i 



TT-2 



ABELIAN PROPERTIES OF ANICK SPACES 



61 




This leads to a long exact sequence 

. . . Hi{C k „i x T) Hi{R k -x) ® Hi(T) 

Hi(W k -i) fli-iCCfc-i x T). 

We assert that the homomorphism 

fli(W fc _i) ffi-i(C fe _i x T) 

is trivial. By 19. 3\ Hi(W k -i) is only nontrivial when i = 2sn — 1 for some 
s ^ 2. But Hi sn — 2(Cjt_i x T) = since there are no cells in these di- 
mensions. Now since ix<i : Cfc_i x T — > T is onto in homology, we conclude 
that Hi(Rk-i) Hi(Wk-i) is onto. To show that this is split when 

i < 2np k — 1, we note that since Hi{Wk-\) is cyclic by 19.31 it suffices to 
show that the exponent of Hi{R k -i) is not larger than the exponent of 
HiiWn-x) for % < 2np k - 1. By [931 we have 

exp(^ i _ 1 (W ifc _ 1 ))= . s 

Ir + s — 1 i = p < s < k. 

Now 

exp (^(^-i)) < exp {H^iQk^)) < exp (fl^ (sT 2 ^" 2 A r) 

when i — 1 < 2np fe — 2. However 

ip r ff 2ni _i(ETAT) = 

and 

/ +s - 1 ff 2 „ pS _i(STAT)=0. □ 
Proposition 9.11. W k _ x is a wedge of Moore spaces. 

Proof. Since ~ 2 ) — > iJj_i(Wf™i 2 ) is split onto, we can find a 

Moore space in the decomposition of Ru_i for each i representing a given 
generator. This constructs a subcomplex of Ru_\ which is homotopy 
equivalent to Wf"? ~ 2 . □ 

k P k ~ l 

Corollary 9.12. ~ 2 ~ V/ P 2ni {p r+n ') where 

i=2 



ifi^p s , < s < k 
s — 1 if i = p s < s < k. 
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10. Inductive Construction 



In this section we perform the inductive step of constructing a retraction 
7k- Jk — > BW n for k ^ 1. We presume that jk-i has been constructed such 
that the composition 



is null homotopic. This defines the fiber Rk-i of = 7ft-i r Jfc-l an d we 
construct /3/%, a(/c) and c(/c) in accordance with 14.41 and -D/%, and Ffc as 
in IBTTl 

We next construct a modification of 14.41 in this context. 

Proposition 10.1. There is a homotopy commutative ladder of cofibration 
sequences: 



P 2n P\p) 



P 2n P\p) 




p2np k +l^ 



p2np k +l^ 



Proof. The upper central square commutes up to homotopy by 14.41 and 16.31 
and the lower central squares follow from (|6,2p . By a cohomology calcu- 
lation, the righthand square commutes up to homotopy. For the lefthand 
region, observe that the 2np k skeleton of the fiber of the inclusion of D^-i 
into -Dfc is homotopy equivalent to P 2n P (p); a standard argument with cofi- 
bration sequences shows that the lefthand vertical map can be taken to be 
the identity. □ 



Corollary 10.2. The compositions 

p2np k (jf+k-l^ a<yk \ 
p2np k (jf'+k- 1 ^ 



Ek 



Jk 



'Ik 



Ek-i *- Jk-i 



-F k 

Vk-l 



Fi 



fc-i 



induce integral cohomology epimorphisms. 
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Proof. The first composition is handled by applying integral cohomology to 
the righthand region of llO.ll For the second composition we consider the up- 
per two parts of the middle region. The map P 2np (p r+k ) — > P 2np (p r+k ~ 1 ) 
has degree p in H 2np as does the map F k -\ — > F k by 19,81 Since r + k ^ 2, 
this is enough to imply the result. □ 

Proposition 10.3. W k 2n f l is a wedge of Moore spaces. 

Proof. By ED] ~ is a wedge of Moore spaces. By 19.31 it suffices to 

show that the map 

p2np k 

is an epimorphism. But by 110.21 the composition 

induces an isomorphism in p-local cohomology. □ 

We now filter F k by skeleta. As in section [SJ let F k {m) be the 2mn 
skeleton of Fk, so 

F k (m) = F k (m-l)Ue 2mn . 

Let J k (m) be the pullback of J k to F k (m), so we have a map of principal 
fibrations 

n 2 s 2n+1 — n 2 s 2n+l 



(10.4) J k (m - 1) J fc (m) 



F fc (m-1) 

and using the clutching construction we see that 

J k (m)/J k (m - 1) ~ S 2mn x 2 S 2n+1 
Proposition 10.5. The compositions 



p2np k +2ni V _ Q W j Vk ^ p 



p2npk+2ni ^ Jfc(p fc + * _ 1) ? _ ^(p^+i-ljn x f^n+l 

induce cohomology epimorphisms where q is the quotient map. 
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Proof. The first composition is evaluated by 110.21 when i = 0. In case i > 0, 
we use induction on i. We apply IXTTT d) to the diagram 



Jk 



Vk 



f'k, 

S 2n+1 { P r } 



a2n+l 



to see that Tj] t (v l a(k)) = \y,rjkV l a(k)] r . The result then follows from 13. 12] 
The second composition is evaluated by using [3TT21 directly since /j,v l a(k) = 
[/j,i/ l_1 aO)]r- 



□ 



Corollary 10.6. The composition 

p2np> +2ni V "W ■ 



induces a cohomology epimorphism when ^ i < p? + — pi and j < k; and 
the composition 



p2np- 



j+2n(i+i)-i 



Wi 



W k - 



is nonzero in modp cohomology in dimension 2npP + 2n(i + 1) — 1. 



Proof. By the induction hypothesis, u % a(j) and fj,v i 1 a(j) are in the kernel 
of 7,- for j < k, so they factor through Wj. We then construct the diagram 



p2np J +2ni V ®^S)^ W ' 



Wi 



k-l 



F; 



Fi 



k-l 



when i < p — p . Since the map Fj — > F^-i induces an isomorphism in 
cohomology in dimensions less than 2np ?+1 , the first result follows from ll0,5l 
The second result follows directly from the first since there is a map of 
fibrations 



5 



2n-l 



n 2 S 2n+l 



Jk- 



□ 



F, 



k-l 



F, 



k-1 
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At this point we introduce a simplified notation analogous to the notation 
in case k = 0. We define modp r homotopy classes 

Xi (k): P 2ni ^ J k 

for i ^ 2 by the formulas 

Xi if k = 

xi(fc) = < txjjk - 1) if i < p fc 
1 ' J [z/-P fc a(£;) if O P fc 

Consequently, if pP < i < pP +1 < p k , Xi(k) = Xi(j). 
Corollary 10.8. The compositions 



j2ni- 



P lm — + Jk F k 

-i ™l± j k (i - 1) — ^ j k (i - i)/j k (i - 2) ~ s 2n ^ x n 2 s 2n+1 



induce integral cohomology epimorphisms for all i 2. 

Proof. This follows from 110.61 and 19.31 □ 

Under the inductive hypothesis, x,i{k — i) and yi{k — 1) factor through 
W k - X . 

Proposition 10.9. The map 

p k-i 

g. W p2n»-l v p 2m Vi(k - 1) V Xj(k - 1) ^ ^2np fc -2 
i=2 

induces a monomorphism modp cohomology. 



Proof. iJ m (Wf"? 2 ;Z/p) is trivial unless m = 2ni or m = 2ni — 1 for 
2 < i < p k , in which case it is Z/p by l9.12l Each of these classes is nontrivial 
under either Xi(k — 1) or yi(k — 1). □ 

We seek to compare these maps to a natural basis for W?^ ~ 2 ■ Choose 

maps &{ : p 2n »(p r + n ») — y wf"^ ~ 2 for 2 < i < p k — 1 which define the splitting 
of 15121 



e: \/ P 2 "V +ni ) ^> ^ 2 _f" 2 

2 



Now define a map 

A: \f P 2ni V -> W^f 



i=2 
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by combining the maps Cip ni : P 2m — > Wk-i and e^ni-i ■ S 2m ~ 1 — > Wk-i- 

Proposition 10.10. Suppose ip: Y, 2 X — > Wf"? 2 has order p r . Then (p is 
congruent to a composition: 



£ 2 X 



j P k -i 



•2r,i .... Ql,<i-\ ^ , W 2n P h - 2 



V P lm vS- 

i=2 



Proof. This follows directly from 17.31 and ITUl 
Corollary 10.11. If n > 1, i/iere is a diagram 



□ 



^ p2ni \j p2ni—\ 
i=2 



p k -l 



2ni \ i r>2ni—l 



V p lm v p 

i=2 



2np k -2 
fc-1 




which commutes up to congruence. 

p k -i 



Proof. If n > 1, V _p 2m v p lni ~ x is a double suspension whose identity 

i=2 _ 

map has order p r . Thus [TO. Ill follows from llO.TOl □ 



In particular, we obtain a congruence formula by applying 110.111 to the 
inclusion of P 2m 

x,i(k - 1) = ap n% + djP nj ctj + eji>2nj-xPj 

2<j<i 



for some maps ay : P 2ni -»• P 2nj and P 2ni -»■ S 2nj - 1 . Actually, the 
coefficient of eip ni in this formula is a unit by a cohomology calculation. We 
can safely assume it is the identity by adjusting the basis {e^}. We intend 
to use this formula to replace the term eip ni in A by Xi(k — 1). This is a 
matter of linear substitutions, and we explain this more clearly in a general 
context. Observe that all the spaces in these formulas are co-H spaces and 
17.51 applies. 
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Lemma 10.12. In an additive category, the formulas 

N 

X = ^awi + bfli 
i=i 
t-1 

Xi = at + a 3 -^y + 
imply that there is a formula: 

N 

X = ^XiTpt + biOi. 
i=i 

Proof. Use downward induction beginning with replacing ajv with xjy. □ 

Corollary 10.13. Suppose ip: Y?X — > W 2r ^[ 2 has order p r and n > 1. 
TTiera <£> is congruent to a sum 

P k -i 



y~] Xi{k - l)ip i + e»t 2 ni-l< 



1=2 

where Tp { : S 2 X P 2m and \ : Z 2 X -»■ S 2 ™' 1 . 

We would also like to replace e^ni-i by Vi(k — 1), but this is not as 
simple. We can use 110.131 to construct a congruence: 

yi(k - 1) = ej/3 + y~] Xj(k - l)Tpj + e^ry-ify- 

j<i 

Here ej/3 is the composition 

8 p- 

p2ni—l <_ ? p2ni 1 ? ^ 

while ejt2ni-l is the composition 

g2ni-l L2ni -± p2ni ei ? 

Recall the ^4*(-Dfc_i) module structure. Thus for any £: p m+1 — > D^-i, 
C € A m (Dfc_i) and the action is given by the relative Whitehead product. 
Recall also (I7.12D . that the module action commutes with compositions. 
Thus, for example, 

Cx j (k-l)7p j = [C,x j (k-l)7p j ] r = [C,x j (k-l)] r T l m lp j . 

In particular, we have (in the notation of 110. 13|) 

[C><P]r = \£> X i( k ~ l )]r¥% + [(,eii2ni-l]M 

i=2 

where Tp\ = YTTp i and Q\ = £ m 0j. 
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However, by |6.15t [C, e^ni-llr = [C e^m-i^ni-ilr = [C^iP]r- This 
gives a formula 

p k -2 
8=2 

We now apply [TO . 1 2 1 again to replace [£,ej/3] r with [C>2/i(fc — l)] r . Using the 
module notation, we have proved 

Proposition 10.14. Suppose <p: T, 2 X — > 2 /ias order p r and n > 1. 

-Lei C : P m+1 —7- D k _\. T/ien i/iere is a congruence 

p k -i 

i=2 

We will use 110.141 to compare the obstructions at adjacent levels. Recall 
(fO|) . the map 

p 2np V + *)^>^-i^^-i; 

induces a cohomology epimorphism by 110.31 We apply 110.141 where ip is 
one of the two maps: 

At = B,o k - x„ k (k - V) : P 2n P k -> W, 2 ^ 

(10.15) 



Ai = A/ - x pfe (fc - 1) : P 2 ^ W fc 2 !!f " 2 
A 2 = &<S fc - y pfc (A; - 1) : P 2 ^" 1 -> W** 



2np k -2 



The maps Ai and A 2 are uniquely defined as maps to W k -i since each term 
lies in the kernel of jk—i- The fact that they factor through follows 
from 110.31 and 110.51 (In the case k = 1 apply 18.41 and 18.51 in place of 1 1 . 5 1) . 
Note that by 110.11 tBh = a(k)a where t: Jk-i — > Jk, so 

h Q k p k = a (k)ap k = pa{k)p k ~ l = pa(k) 



id k 8 k = a(k)a5 k = a{k)5 k ^ 1 = b{k). 

Thus we have 



i.Ai = pa(k) — Lx„k(k — 1) 
(10.16) _ p 

l/S.2 = b(k) — ty p k(k — 1) 

Theorem 10.17. Suppose we have a map ^y k (m): J k {m) —> BW n for m ^ 
p k and k ^ 1 which extends 7fc(m — 1) for m > p k and 7fc_i for m = p k . 
Suppose that 

Xj(k) Vj+i(k) 

are in the kernel of ^/ k {m) for j < m. Then the following elements are also 
in the kernel 0/7^ (to): 

(a) bXj(k - 1) iVj+\{k - 1) for j < m 

(b) v j b(k) fiv j b(k) for j + p k < m + 1 
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Proof. We first prove (a) by induction on m. In case m = p k , we have 

by (firnnn 

px p k(k) = i(x pk {k - 1) + Ax). 
Since BW n has if-space exponent p, 

lk (p k )(L(x pk (k-l) + A 1 )) = 
so 7fc(p )(ix„fc (k — 1)) = — 7fc(p fc )(tAi) = 0. Applying the action of \x gives 

py p k +l {k) = L{y pk+l {k - 1) + /xAi). 
Now apply [TaH and (110-150 to get 

/zAi = ^ ^(A; - l)<pi + /x2/j(fe - l)0i 

i=2 

p fc -l 



^ y i+ i(/e - l)(fi 



i=2 



since — 1) = 0. However "fk-i(]Js{k — 1)) = for s < p k , consequently 

lk{ty p k + i{k - 1)) = Ik-iiVph+iik - 1)) = -7fc_i(>Ai) = 0. 

For the inductive step, apply [TO. 141 with £ = v d or {iv d where d = m — p k . 
We get 

P k -i 

v d A 1 = ^ x i+d (k - l)tpi,d + Vi+k(k - l)9 id 

i=2 

p k -i 

/ii/ d Ai = ^2 Vi+d+i(k - l)<Pi,d- 

i=2 

These expressions involve x s (k — 1) for s < m and y s (k — 1) for s < m, all 
of which are in the kernel of jk( m ~ 1) by induction. Since 

px m {k) = i(x m (k - 1) + i/'Aj) 

py m +i(k) = i{y m +\{k - 1) + /uz/Ai) 

we see that tx m (k — 1) and iy m+ \{k — 1) are in the kernel of 7fc(m). 
For part (b), we use (jl0.16l) to get 



fj,b(k) = L(ny p k(k - 1) + A*A 2 ) 
= t(pA 2 ) 



i=2 



Since Jk-i(yi(k ~ 1)) = for % < p k , we have 



(10.18) Ik^Kk)) = 0. 
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Similarly, by (|10.16p we have 



^2 Vi+d+i(k - l)<fi 



1=2 

which involve y s (k — 1) for s < m. Likewise 

u d b(k) = t(y m (k - 1) + ^ d A 2 ) 

p fc — 1 

= ' 1 y m (k - 1) + Xj +d (A; - l)& )d + y l+ d(A; - l)0 iid 

i=2 



This involves x s (k — 1) for s < m and y s (A; — 1) for s < m, so iJLV d+1 b{k) and 
v d+1 b(k) are in the kernel of j k (m). □ 

Theorem 10.19. There is a map 7: — > PVFn which extends 7&_i on 
</fc(p fc — 1) = Jk-i{p k — 1) o^d swc/i i/mi i/ie compositions 



J k — ^ 5W„ 



P 



p 



2m- 1 



are null homotopic where i ^ 2. 



Proof. We construct j k (m) '■ Jk( m ) ~ > BW m by induction on m for m ^ p k . 
We apply 18.11 to the diagram of principal fibrations 



2 c<2n+l 



n a 5 



J fe (m - 1) 



n 2 s 2n+1 



J k (m) 



F fc (m) 



F k (m - 1) — 

for m > p k and fc ^ 1. F k (m) = F k (m-l)U e e 2mn . Let x = x m (k) : P 2mn -> 
J k (m). By 110.51 %x induces an isomorphism in modp cohomology in di- 
mension 2mn. In case m = let 70 be the restriction of 7^-1 to J k (p; k —1) 
and when m > p k let 70 = J k (m — 1). By induction, the hypothesis of 110. 171 
is satisfied for m — 1; i.e., Xj(fc) and yj + \{k) are in the kernel of 7fc(m — 1) 
for j < m. 
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We first handle the case m = p k . Let 

P = p 2n P k (jf +k ~ l ) v p 2n (p fe + 1 )- 1 



and u = a(k) V pa(k) : P — > Jk{p k )- Let 

p = s 2npk ~ l v s 2ni - pk+l) ~ 2 

where the inclusion Pq — > P is given by the inclusion of the bottom cells. 
Choose any extension 7': Jk(p k ) — ► BW n of 7&_i. We now show that the 
composition 

P P — B^n 

is null homotopic. Since a(k)/3 = a(k)a(3p = i(3k(3p, j'(a(k)(3) = since /3& 
is in the kernel of 7^-1- Thus the composition 

S 2np fc -1 _ p2np fc ( J) r+fc-l) ^W. Jfe ( p fc) 5VF n 

is divisible by p r + fc_1 . Since pjr„(BW n ) = 0, this composition is null homo- 
topic. Similarly, 



{na{k))P = -/x {a{k)p*- L )P = - P k ~ L p,b{k) . 

This is in the kernel of 7^-1 by f 1 1 . 1 8 [) . As before, we conclude that the 
composition 



S 2n(p k +l)-2 ^ p2n(p k +l)-l J fc ( p fc) 7 \ BW n 

is null homotopic. Finally we check that the composition 
P Jk{p k ) Jk(p k )/Jk(p k ~ 1) 

^ g2np k q2 g2n+l 2 ~ Cj2np k y g2n(p fc +l) — 1 

is an integral cohomology epimorphism by 110.51 Thus, after composing 
with a homotopy equivalence on the wedge of spheres, we see that this is 
homotopic to the quotient map P — > P/Pq. 

The case m > p k is similar. In this case we set 

p p2mn y p2(m+l)n—l 

u = x m {k) V y m+ i(k) 

and we calculate 



x m (k)(3 = {y m ~v a{k))(3 

= mpLV™-^- 1 ^) + p k - l v m -v h b{ti) 
since a(k)(3 = a(k)p k ' 1 !3 = p k ~ l a{k)5k~i- Thus 



x m (k)P = my m {k) +p k - 1 v m -v b{k). 
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This is in the kernel of 7fc(m — 1) by 110.171 Similarly, 

y m+1 (k)p = p k - 1 vv m -v k b(k) 

which is also in the kernel of "f k (m — 1) by 110.171 As before, we conclude 
that the composition 

g2mn—l w g2(m+l)n— 2 ^ p2mn y p2(m+l)n— 1 

(k) \/y m +i(k) i 
*- Jk{m) BW n 

is null homotopic and the composition 
P J k (m) *- J k (m)/J k (m - 1) 

^ g2mn q2 g2n+l ^ g2mn w g2(m+l)n— 1 

is equivalent to the quotient map and hence the induction is complete. □ 



We now apply [HI. 171 with m = oo to conclude that the classes v l b{k) and 
fj,v l b(k) are in the kernel of 7^ for all i ^ 0, and that for all i ^ 2, the classes 
Xi(k — 1) and yi(k — 1) are in the kernel of the composition: 

■4-1 — ^ 4 k> BW n . 

It follows that we can reapply [10.171 to J k -\ and by continuing, conclude 
that all the classes Xi(j), yi(j), u l b{j), fiv l b{j) are in the kernel of 7 n for 
j < k. We conclude 

Corollary 10.20. The composition 

E(nG fc _i A UG k ) — E k — J k BW n 
is null homotopic. 

Proof. By 17.151 all congruence classes of the obstructions listed in 16.131 are 
annihilated by j k . It follows that the compositions 

ad i( a ) ik 
Y,P k A • • • A P k — J k — BW n 

are null homotopic for each j ^ 2. The result then follows from l5.lTl □ 

This completes the induction, and we have proved the Main Theorem. □ 

Theorem 10.21. If p > 3, T has H-space exponent p r . 

Proof. We will show that the p rth power map and the constant map are 
homotopic. Since T is Abelian, they are both H-m&ps. We appeal to the 
following result: □ 

Proposition 10.22. [Grail I 5.4] Suppose f%, f%: T Z are two H-maps 
extending f: P 2n — > Z. Suppose that p T+s ~ 1 'K2np s {Z) = and the torsion 
subgroup of iT2np s -i{Z) has exponent p r+s ~ 1 for each s ^ 1. Then f\ ~ f'2. 
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We apply this with fx = p r and /a = *. It sufficies to prove the exponent 
conditions on the homotopy groups. The long exact sequence 

MWn) *i(T) -»• 7T i+1 (S 2n+l { P r }) 

implies that p r+1 7Tj(T) = 0. Consequently we need only verify that 
P r ^2n P (T) = and p r ir 2n p-i(T) = 0. However 7r 2 „j>_i(W n ) = 0, and, if 
p > 3, ir 2n p (W n ) = 0. Cons equently p r vr 2np (r) = and p r TT 2n p-i(T) = 
and [1021] follows from [10221 

Now let 22 = U R k , W = {J W k and C = \J C k . 

Proposition 10.23. R ~ C x T V W. 

Proof. By 19.101 the homorphism 

2^(2?) -22,(W) 



is a split epimorphism. Since W is a wedge of Moore spaces by 19.121 and R 
is a wedge of Moore spaces by 19.91 it follows that the map R — > W has a 
left homotopy inverse. Consider the pushout diagram 



R- 



C X T 



W 



no 



obtained from the proof of 19.101 by taking limits. Using the fact that the 
map T — > W is null homotopic we get a cofibration sequence 



C x T 



R 



W 



which splits. 



□ 



Corollary 10.24. The map $1G — > £ID has a right homotopy inverse and 
the fiber of the map G —> D is C x QD. 

Proof. Since R — > W has a right homotopy inverse, the map 

fLG ~ nR x T -)■ x T ~ 172? 

does as well. Let L be the fiber of the map G D. Then there is a diagram 
of fibrations: 



QD 



{ID 



C x nD 



L ■ 



PD 



C G *D. 
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Since D is a mapping cone, PD is the pushout 

L ^PD 



C xVLD SID. 

Since £1G — > fi-D has a right homotopy inverse, the map VtD — > L is null 
homotopic. Consequently we obtain a map C x SID — >■ L which is a homotopy 
equivalence. □ 

Proposition 10.25. The composition 

C x T s- G 

is homotopic to the Whitehead product map 

CxT^CxttG^CvG ^4 G. 
Proof. The map C x T — >■ i? is given by 

CxT-CxTuCT^i? 
where the restriction to (7 x T is the trivialization of the pullback to C 

T ^T^=T 




and the map on CT is the null homotopy of the inclusion of T into R. 
Consequently the composition 



C xTuCT- 



R 



G 



is given on C x T by projection onto C followed by the inclusion c: C — > G, 
and on CT by the composition 



CT ST 



C 



where g is adjoint to the map lifting T to f2C. However, this map factors 
through the composition 



C x OST ~ C x rffiT Uhst TUT »- C V ST • 



C 




C x S7G ~ C x U nG TC • 



CvG 



□ 
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Appendix A. 

In this appendix we will discuss the special cases n = 1 and p = 3. 

Theorem A.l. For all p > 2 and all r ^ 1 Ti(p r ) is homotopy equivalent 
to a double loop space, hence it is Abelian. 

Proof. Let fi 6 H 4 (BS S ) be a generator and let k = p r \x for any p. Define 
X by the fibration: 

K(Z, 3) X BS 3 — ^ K(Z, 4). 

Then H^(X) = Z/p r . Since A is 2 connected, there is a map 

C:P\p r )^X 

inducing an isomorphism in H3. By [GT1CH 4.3(i)], EG/- is a wedge of Moore 
spaces for all k, so we can construct a map 

rj: £ 2 T x (p r ) ->EG->i>V) 

which induces an isomorphism in ^3. We now define a map 

Tl ( p r ) % n 2 p\ P r ) ^% n 2 x 

inducing an isomorphism in 7Ti. 

Both spaces have modp cohomology generated by a class n of dimen- 
sion 1 and Vi of dimension 2p l for i ^ with j3^ r+t \uvQ~ l v±~ . . . vfZ\) = Vi 
by a simple spectral sequence argument (See [GT1CH 4.1]). Since the com- 
position {Q 2 ^)rj induces an isomorphism in dimensions 1 and 2, it follows 
that {{Q 2 £)rf)* is an isomorphism in each dimension. Since both spaces are 
p-complete, (S7 2 £)r/ is a homotopy equivalence. □ 

Theorem A. 2. 7/T2 n _i(3 r ) is homotopy associative, n = 3 fc with k ^ 0. 
Furthermore if n > 1, then r = 1. 

Proof. For any homotopy associative space T, there is a map: 

T*T*T -> STU H{tl) C(T * T) 

building the third stage of the classifying space construction ( [Sug57| , |Sta63| ) 
The mapping cone X of this map has the cohomology of the bar construc- 
tion on the homology of T through dimension 81% — 1. In particular the 
modp cohomology of the 6n skeleton of X has as a basis, classes u, v, u 2 , 
uv, ii 3 where \u\ = 2n and \v\ = 2<n + 1. The 6n skeleton of the subspace 
ST ^->h(ix) * T has cohomology generated by u, v, u 2 , uv. Now since the 
map R — > G is a retract of the map -ff (/u) : T * T — > ST, the 4n + 1 skeleton 
of ST U#( M ) CT * T contains the An + 1 skeleton of G U Gi? as a retract (See 
the proof of EH]). But [G U CR] 4n = P 2n+l U X2 CP An ; consequently 

A 6 " ~ P 2n+1 U X2 GP 4 ™ U e 6n . 
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Note that V n u = u generates H 6 (X;Z/3). Since T,X2 is inessential we can 
pinch the middle cells to a point after one suspension, and obtain a space 
with cell structure 

S 2n+l U p , e 2n+2 U e 6n+1 

with V n 7^ 0. However, V n is decomposable unless n = p k = 3 k . Further- 
more, the decomposition of V v by secondary operations ([Liu62b]) implies 
that if n > 1, we must have r = 1. □ 

Note that such a space for n > 1 would imply that the "mod 3 Arf invari- 
ant class" survives the Adams spectral sequence. This does happen when 
n = p but not when n = p 2 . 

Theorem A. 3. T2 P ~\{p) is homotopy equivalent to a double loop space. 
Proof. In [Tod 56] . a p-local fibration sequence 

jp-^s 2 ) — - ns 3 ns 2p+l 

where H is the James Hopf invariant and J P -\(S 2 ) is the subset of the James 
construction of words of length less than p. There is a p-local equivalence 
J p -i{S 2 ) ~ CP P_1 and if we take the 2-connected cover, we get the fibration 
sequence: 

S 2 ^ 1 OS 3 (2) VlS 2p - 1 . 

Here the connecting homomorphism has degree p. Since 

ns 3 (2) = n 2 (BS 3 (4)), 

we have a double loop space. As in IA.ll we construct P 2p+2 (p) — > BS 3 (4:) 
inducing an isomorphism in 7V2p+i an d then compose 

t 2p -i(p) n 2 p 2 p+ 2 ( P ) ns 3 (2). 

The rest of the proof is identical with IA.1I and this establishes the homotopy 
equivalence T 2p _i (p) ~ fl 2 (BS 3 (4) ) . □ 

Appendix B. 

The purpose of this appendix is to indicate how the ideas and techniques 
in this work could be applied in other situations. Suppose we are given an 
arbitrary space which we know admits an i?-space structure, and we wish 
to inquire as to whether there is an Abelian //-space structure. We will 
assume that all the spaces are p-complete. The following theorem appears 
in |Gra06j . 

Theorem B.l. In the category of p- complete spaces there is a 1-1 corre- 
spondence between atomic spaces T which admit an H-space structure and 
atomic simply connected spaces G which admit a co-H space structure. Fur- 
thermore 
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(a) There are maps f: G — > ST, g : T — > QG, and h : f2G — > T such that 
the compositions 

f 9 

g — U- sr — g 



are homotopic to the identity 
(b) there is a fibration 

nG — ^ r — i?, — ?U g 

induced by f from the Hopf fibration of Dold-Lashof (jDL59]) ; where R is 
a retract of E(T A T) and hence is a co-H space. 

Note that the homotopy type of G is determined by that of T. It is not 
clear that the same thing can be said about R. However, if we have two 
such fibrations 



nG J^T^R 2 ^G 

we have T x £IR\ ~ QG ~ T x QR2. Since the homology of all three loop 
spaces is a tensor algebra, we can see that the Poincare polynomials of R\ 
and i?2 are equal. We can also produce maps going both ways using the 
co-H space structure maps on R\ and i?2- 

It is clear, however, that the map n depends on the choice of H-sp&ce 
structure. We see this from the following example. Let B be the localization 
of BTip at the prime p. Then 

H*(B; Z/p) Z/p[v, 2p-2]® A(u, 2p - 3) 

and there is a fibration 

S^{ p } ^ S 2 p- 3 — S 2 p- 3 B. 

In this fibration S 2p ~ 3 {p} ~ QB. Applying IB. II to this fibration we get a 
fibration 

S 2 P- 3 {p} R P 2 P- 2 (p) B. 

However, the presence of nontrivial Steenrod operations in H*(B; Z/p) im- 
plies that 7r is stably essential. This is certainly different from the fibration 
in 17.61 [CMN79c, 11.1] in which the map n is a wedge of iterated Whitehead 
products. 

The problem of constructing a map £IG * VLG — > R covering the universal 
Whitehead product as in 12.31 is that we need first to choose an appropriate 
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map 7T : R — > G. This was circumvented in the Main Theoremby construct- 
ing first the fibration: 



QS 2n+1 {p r } 



G 



9 



S 2n+1 { P r }. 

Then the map ir : R — > G was determined by the choice of a map E — > BW n . 

This approach can be applied in other situations. Suppose we begin with 
an arbitrary p-complete atomic space T which admits an i?-space structure, 
and for some such structure we are given an H-map e: T — > 0,X. Choose 
appropriate maps /, g, h as in IB. II and consider, the diagram of fibration 

t = t — - — - nx 



t * t -^t qx * nx 




He 



H(p') 



T.QX 



X 



where // is the loop space multiplication on £IX. Let ip: G — > X be the 
composition e(Se)/. Since eH(fi') is null homotopic, iptr is null homotopic 
and we construct a map of fibration: 



FIX 




In fact, the existence of such a fibration implies that e is an H-ma.p (See 
[GT101 4.6] for details). If we choose X to be an i?-space, we would auto- 
matically have a lifting of the universal Whitehead product 

T : QG * $7G -4 E. 

We could construct such a map e by taking the adjoint of the composition 



sr. 



G 



QZG 



x 



where £ is a retraction onto an atomic factor of least connectivity. (In the 
case of the Anick spaces, EG is a wedge of Moore spaces ( |GT1CH 9.5]) and 
the atomic factor of least connectivity is S 2n+1 {p r }.) 

In the general case we need a replacement for BW n . Let W be the fiber 
of e. The task then is to construct the map v for some choice of h in lB.ll so 
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that in the diagram 



OGAfiG 




QG 



flip 



W 



uT is null homotopic. If that is done, hVu is null homotopic and Vw will 
lift to the fiber of h. Since h is to be constructed to have a right homotopy 
inverse g, the fiber of h is Q.R and the lifting of Vw to VLR gives the requisite 
lifting of Vu; to R. 
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